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Abstract—The Fiedler vector of a graph is the eigenvector
corresponding to the smallest non-trivial eigenvalue of the
corresponding Laplacian matrix, i.e, the algebraic connectivity.
We propose and prove the convergence properties of a novel
continuous-time distributed control protocol to drive the value
of the state variables of a network toward the Fiedler vector,
up to a scale factor, assuming known algebraic connectivity.
The proposed strategy is unbiased and robust with respect
to the initial network state. The proposed strategy does not
require initialization of state variables to particular values. By
exploiting the proposed control protocol we design a local state
feedback that achieves desynchronization on arbitrary undirected
connected networks of diffusively coupled harmonic oscillators.
We provide numerical simulations to corroborate the theoretical
results.

I. INTRODUCTION

The computation of eigenvectors of the graph Laplacian L is
a problem of fundamental importance for various applications
and it is the cornerstone of spectral graph theory [1l]. Among
all eigenvectors, the Fiedler vector [2] plays a pivotal role:
it is the eigenvector corresponding to the second smallest
eigenvalue of the Laplacian matrix, also known as the alge-
braic connectivity. To name a few, Fiedler vector is useful in
graph partitioning [3]], [4], [S] and in the control of algebraic
connectivity [6]], [7]], [8].

Power Iteration (PI) [9] is an established iterative method
to compute the leading eigenvalue(s) and associated eigen-
vector(s) of a matrix. In [6], [8], [10], [1L1], [12] the Fiedler
vector is computed by means of methods based on a distributed
implementation of PI. Main drawbacks of [6], which exploits
the algorithm proposed in [[13]], are the centralized initialization
step and the high number and size of the messages the nodes
need to exchange. In [8] and [11] the decentralization is
carried on at each agent by two consensus estimators, which
are required to run "fast enough" in order to expect the
resulting dynamics to converge: a formal proof is not provided.
Similar approaches are used to compute eigenvalues and the
algebraic connectivity [14]. Another class of algorithms forces
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the nodes to oscillate at eigenfrequencies and deduce spectral
information through Fast Forurier Transform (FFT). In [15]]
the Fiedler vector is computed by running at every node the
wave equation and computing the eigenvector components
through an FFT. This algorithm is proved to be orders of
magnitude faster than PI-based algorithms. An FFT approach
for distributedly computing the eigenvalues is given in [16].

On one hand, the main limitation of PI-based approaches
consists on the distributed normalization of the vectors at
each step, which severely affects their convergence speed and
requires a centralized initialization step. On the other hand,
FFT-based approaches suffer from a rather poor accuracy and
robustness issues.

The first main contribution of this paper is to propose
and prove the convergence properties of a novel continuous-
time distributed control protocol to drive a MAS toward the
Fiedler vector of its graph Laplacian L. The proposed protocol
relies neither on a distributed PI nor a FFT approach, thus
guaranteeing robustness to initial conditions, high convergence
speed and accuracy. However, it requires the knowledge of
the algebraic connectivity, which is a reasonable assumption
for static networks (as in the case of our main application)
since various distributed algorithms have been proposed to
distributedly estimate all the eigenvalues of undirected graph
Laplacian [17], [16], [18], [19].

The second main contribution is to exploit the zero mean
property of the Fiedler vector, to employ the proposed protocol
as a local feedback law to desynchronize a network of coupled
harmonic oscillators by driving it toward a state proportional
to the Fiedler vector. While synchronization has been for-
mally and easily defined [20], [21], [22] as the condition
maximizing the order-parameter (magnitude of the centroid of
the oscillators), the opposite definition of desynchronization
is more ambiguous [23]], [24], [25], [26]. In this work, we
define desynchronization as the condition zeroing the order-
parameter, which is dual to the classical definition of synchro-
nization given in [20].

The paper is structured as follows. After introducing nota-
tion and preliminaries in Section [[I} a novel local protocol in
continuous-time is proposed and employed in Section to
distributedly estimate the Fiedler vector in single-integrator
MASs and in Section to achieve desynchronization in
networks of diffusively coupled harmonic oscillators. In Sec-
tion [V] numerical simulations corroborating the theoretical
results are provided. Concluding remarks are given in Sec-

tion [V1l
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II. PRELIMINARIES

We adopt the following notation. The sets R and R
denote, respectively, the reals and the nonnegative reals. The
set S' denotes the unit circle, thus a point § € S! is an
angle. Given n vectors x1, x2, ..., 2, € R™ we indicate with
r=[2T 2T ... 2T]T € R the stacking of the vectors.
We denote with I,, and 1,, the identity matrix and a vector of
ones of dimension n; subscripts are omitted if the dimension
is clear from the context. With A® B we denote the Kronecker

product of two matrices A and B of opportune dimensions.

A. Multi Agent Systems

Given a Multi-Agent System (MAS), the pattern of interac-
tions among the agents is encoded by an undirected graph. A
graph G = (V, E) consists of a set of nodes V = {1,...,n}
representing the agents, and a set of edges £ C {V x V}.
An edge (i,j) € E, with ¢ # j, means that 7 and j can
communicate. To each agent 7 is associated a set of neighbors
N; = {j €V :(i,j) € E}, representing the set of agents
communicating with agent ¢. Since the graph is undirected,
(i,7) € E if and only if (j,4) € E. An undirected graph is
said to be connected if between any pair of nodes ¢,5 € V
there exists a path, i.e., a finite sequence of adjacent edges that
connects node 7 to node j. The adjacency matrix A = {a;;}
of a graph G is an n X n matrix with coefficients

1 for (i,j) € E
agj = .
I 0 otherwise.

The degree of each node is defined as d; = .., a;;. The
degree matrix is defined as D = diag(d), and the Laplacian
matrix of the graph is defined as L = D — A. Let Ar;
and vy, ; be the eigenvalues and corresponding eigenvectors
of the Laplacian matrix L. The eigenvalues Ay ; are real and
satisfy 0 = Ap 1 < Ap2 <--- < Ap, if and only if the graph
is connected. The algebraic connectivity is denoted as Ar, o
and its associated eigenvector is known as the Fiedler vector
vr,2 and it satisfies 17 vy 5 = 0.

III. FIEDLER VECTOR ESTIMATION

Consider a network of n single integrator agents whose
topology is represented by an undirected graph G = (V, E).
Each agent is modeled as an autonomous continuous-time
system with scalar state y; € R evolving according to

The goal of this section is to design the local control law
u; € R such that each agent i estimates the i-th Fiedler vector

component of the Laplacian matrix L associated to the in their
pattern of interaction given by graph G.

A. Centralized solution

Given a square matrix /M € R™*™ with eigenvalue spectrum
satisfying 0 = Aar1 < Aar2 < Az < -0 < Ay @ system
according to y = —My is marginally stable and it converges
to the eigenvector vy, associated to the zero eigenvalue Apy 1.
It is straightforward to notice that if one were able to design M

such that vas 1 = vy 2, 1.€., the eigenvector associated to the
zero eigenvalue of M is exactly the Fiedler vector of the graph
Laplacian L, the problem would be solved. Such a matrix can
be designed as follows

M =1L+all” — )\ oI, )

whose construction consists of two conceptual steps.

1) Matrix inflation: add a term o117 to the Laplacian L
with o > Ap o /n. The smallest eigenvalue of the resulting
matrix is Az o while the eigenvectors are not changed;

2) Eigenvalues shifting: subtract matrix Az, oI to the re-
sulting matrix to ensure that there is a single null eigenvalue
associated to the Fiedler vector vy, ».

The design of the control law u; such that the closed-loop
matrix satisfy the previous reasoning, thus ensuring the MAS
to converge to a scaled Fiedler vector, is given in next theorem.

Theorem 1. Consider a MAS with agents dynamics (1)) driven
by the control law

u; = Z aij (Y — yi) — o1y + Ap 2y 3)
JEN;
If G is connected and o > Ap, 2/n then the MAS converges to
a scaled Fiedler vector of graph G.

Proof. Noticing that the closed-loop matrix given by the local
control law (@) is —M with matrix M given in (@), the
remaining of proof is straightforward and thus omitted. [

B. Distributed solution

The control law (@) given in Theorem [I] is not distributed
as it relies on the global information 17y, which represents
the actual average of the states. As previously proposed in
earlier work [27], [28]], [29], this problem can be overcome by
employing a distributed estimator of this quantity. In particular,
we consider an integral dynamic consensus algorithm designed
as in (3), which differs from those presented in [27], [29].

Theorem 2. Consider a MAS with agents dynamics (1)) driven
by the control law

Ui = Z aij (Y5 — yi) — ovi + AL 2y “)
JEN;
where v; is a dynamic average estimation given by
b =G+ By —v) + K1 Y ag(z—z), ()
JEN;
Zi = K[UZ'.
If G is connected and o > Ap 2, B > 0, K; > 0, then the

state y(t) of the MAS converges to a scaled Fiedler vector of
graph G for almost any initial condition.

Proof. Letw= [y v Z]T € R3" be the state of the MAS,
which under the action of the feedback @)-(3) can be written

)\L,QI—L —al 0
w=Mw=|(Ap2+B8)I—-L —(a+B)I —K;L|w.
0 K1 0



To compute the eigenvalues of matrix M, we proceed
by solving det{M — AI3,} = 0. Let us partition matrix
M — M3, = [A B;C D] into blocks, which are given next

A= ()\L72_)\)I_L —al
Q2+ BAI-L —(a+B+NI)’
0
B_{—KIL]’ C:[O KII], D= -\

By Shur-complement, the determinant of M — AI3,, is equal to
det{D} -det{ A— BD~'C}, where det{ D} = \" and det{ A —
BD7C} = det{a1 L? + as L + a3l}, with

K? K2
01:7]7 a2:K12*/\L,2TI+5+>\a
az = A+ A8+ A = A 2f — Apad+ af.

Finally, letting H = a1 L + a2I, we can write
det{ M — M5,} = A" -det{HL + a3} = 0. (6)

Matrix HL is a product of two commuting matrices, i.e.,
HL = LH, thus any eigenvalue of HL is a product of the
eigenvalues of H and L. Furthermore, H and L share the same
set of eigenvectors because matrix H = a1 L + asl where a;
and ao are real scalars. Thus, from @) one can derive

AXALiAmi +a3) =0, VieV,

where the eigenvalues Ap; are real and satisfy
0=Ar1 <Ap2 <--- < Ap,p, since the graph is assumed to
be connected. The eigenvalues of H are A\g; = ai1Ar; + as,
thus, substituting coefficients a; yields for any Vi € V

bi=a+B8—-Ap2+ AL
M40 N+ A +d; =0, ¢ = (a—Ap2)B+ (K74 B)AL,.
di = K3X\p,i(ALi — AL2)

One can notice that M has three eigenvalues for each Ar ;
with ¢ € V, which can be computed by the above equation.
We proceed by ensuring that all eigenvalues of matrix M have
negative real part using the Routh criteria.

For ¢ = {1,2} it holds d; = 0 and, by the Routh criteria
specialized for second degree polynomials, all solutions are
strictly negative if and only if coefficients b;, c; are positive,
which is verified if the conditions of the theorem hold.

Fori € {3,...,n} itholds d; > 0 and, by the Routh criteria
specialized for third degree polynomials, all solutions are
strictly negative if and only if in addition it holds b;c; —d; > 0,

bici — di = B(Ar2 — Ari)* + 2aB + B2) (AL — Av2)+
+ (@B + K#\ri)(a+ B) >0,

since Ap; > Apg for i € {3,...,n}. We conclude that,
under the conditions of the theorem, matrix M has two zero
eigenvalues because d; = 0 for ¢ € {1,2} while all other
eigenvalues have negative real part. Stability of the system
can be ensured by proving that the geometric multiplicity
of eigenvalue 0 is equal to its algebraic multiplicity, which
is two. We prove this fact by showing that two distinct
eigenvectors are associated to the zero eigenvalue. Recalling
that w = [y v z] r € R3” is the state of the overall system,

we compute w = Mw = 0,
()\L,2I — L)y = 0
By— K;Lz=0 ,
v=20

There are two feasible choices for y. First choice is y = 0,
leading to Lz = 0, i.e., z = dvy, 2, Vd € R. Second choice is

y = dvg 2, leading to z = %ULQ + o1, Vo € R. Thus,
the zero eigenvalue has the two distinct eigenvectors
0 vL,2
€1 = 0 , €= 0

_B a
vL2 KiaaVL2t 51

Since two linearly independent eigenvectors are associated to
the null eigenvalue which has algebraic multiplicity equal to
two, it follows that the system is marginally stable, and

lim y(t) = avr, 2, aeR.

t—o0
Let S C R3" be the space orthogonal to the Fiedler vector
vp,2. Coefficient « is null if and only if w(0) € S, which is
a set of measure zero, thus completing the proof. O

IV. DESYNCHRONIZATION IN
HARMONIC OSCILLATOR NETWORKS

In this section we define and study the desynchronization
problem in networks of n coupled identical harmonic oscil-
lators with natural frequency w € R. A harmonic oscillator
is a second-order linear system modeling both amplitude
M (t) and phase 6(t) of an oscillator as opposed to the
popular Kuramoto model, which models only the phase of
an oscillator as a first-order non-linear system. The position
pi(t) = M;(t) cos(wt + 0;(t)) € R of the i-th oscillators has
the following dynamics, see [21], [22]]

Pi + w’p; = u§ +uf, (7)

where u§ € R is the local control feedback to be designed,
and u¢ € R accounts for the diffusive coupling between the
oscillators and it is defined as

ul =" aij (p; — i), ®)
JEN;

where a;; € {0,1} are the entries of the adjacency matrix of
the undirected graph G describing both the coupling network
and the communication network: a;; = 1 if oscillator ¢ is
coupled and can communicate with oscillator j, and a;; = 0
otherwise. Introducing the state vector z; = [p; p;]7 € R?, the
state-space representation of a network of oscillators (7) is

&y = Az + B(uf +uf), i€V, ©)
Yi = Cm%
where the state matrices are given by
0 —Ww T
A:L 0}, c=pT=[ 1].

The steady state output of each oscillator 7 is given by

yfs(t) = M; COS(wt + 92) =R {Miejei . ejwt} ,



where M; € R, 6; € S! are the steady state magnitude and
the phase of oscillator ¢, j denotes the imaginary unit and
R{-} denotes the real part of a complex number. Thus, the
collective steady-state output dynamics

Ty = vi"(t) = %{ > Me% - ew} (10)
i=1 1=1

is encoded in the centroidl

, 1 - " -
R€]¢ = W ZMZ‘GJGZ, ZMZ > O, (11)
=177 = i=1

where R € R, represents the phase-coherence of the popu-
lation of oscillators and ¢ € S! indicates the average phase.
The goal is to prove that the employment of the local protocol
proposed in the previous section, allows to achieve desyn-
chronization in a network of diffusively coupled harmonic
oscillators in the sense shown next.

Definition 1 (Desynchronization measure). Consider a net-
work of n identical oscillators ©). The network is said to
achieve desynchronization if

R=0&1Ty*(t) =0, (12)

i.e., the collective steady-state output dynamics (10) is non-
null with zero mean or, equivalently, the centroid (1)) is at
the origin of the Complex Plane. |

In the light of the above definition, consider a simple yet
illustrative example of a network of three oscillators. Fig. [I]
depicts the following configurations: (a) all phase differences
are null, then oscillators are not desynchronized, regardless
of their amplitude; (b) amplitudes are equal and the phase
differences are 6; — 6y = 2?”, Oy — 03 = %’T, then the
oscillators are desynchronized, this configuration is referred
in the literature as a splay state; (c) if My = 2My = 2M;3
and 0, = 03 = 01 + 7, then the oscillators are not in a splay
state but they are desynchronized.

A. Main Result

It is known [30], [31] that a network of identical harmonic
oscillators (9) under the diffusive coupling (8) achieves syn-
chronization if the interconnection graph is symmetric. The

UIf all oscillators have the same fixed amplitude (such is the case for
Kuramoto oscillators) the centroid reduces to Re/? = %2?21 e?% and
R is known as the order parameter.

@ Number i of oscillators

® Centroid of oscillators

Figure 1: Steady-state configurations of a network of three oscil-
lators: (a) not desynchronization, (b) desynchronization with same
amplitudes, (c) desynchronization with different amplitudes.

control feedback provided in the next theorem is able to
cancel out the synchronization effect of the diffusive coupling
while asymptotically steering the network to a non-trivial
desynchronized state, according to Definition [I]

Theorem 3 (Desynchronization of harmonic oscillators). Con-
sider a network of n identical harmonic oscillators Q) coupled
with the diffusive coupling @) and driven by the control law

U; = —Bv; + AL 2y (13)

where v; is a dynamic average estimation given in Q). If G is
connected and

w? 202 + w?
> PP G (N i e
a max{ L2 2 I s (14)

then the network achieves desynchronization as in Definition
[ for almost all initial conditions.

Proof. Let w; = [a:i Vs zi]T € R*. The network of cou-
pled harmonic oscillators (@) subject to the diffusive coupling
(8) and the feedback control @) can be written in compact
form as

M
b=[(o4) - (LoB)|w (15)
y=I®C"w, (16)

where the operator @ denotes the Kronecker product and

A+ A 2BC —aB 0
A = C(A + ()\L,2 + Q)IQ) —2a 0 y
| 0 Kr 0
[BC 0 0
B*=|C 0 K;|, C*=[C 0 0].
|0 0 0

Since L is symmetric, there exists an orthogonal matrix P such
that A = PTLP is a diagonal matrix. Consider the coordinate
change

&= [P ® 14} w o H= [ﬁTMIS} @ a7
—— ———
3 A

where, by exploiting the properties of the Kronecker product,
M= [(I@A*) - (A@B*)]

Matrices M and M share the same * spectrum. Matrix M is a
block diagonal matrix with blocks M; given by

M; = A* = \,B* Vi€V,

where the eigenvalues Ap; of L are real and satisfy
0=Ar1 < Ap2 < < Ap, since the graph is assumed to
be connected. It is known that the eigenvalues of the block
diagonal matrix M are the eigenvalues of the blocks M.

By means of the Routh criterion, it can be shown (we
omitted the steps due to space constraints) that under condition
(T4) all the eigenvalues of blocks M; are strictly inside the
left half of the Gauss plane, except for block M7, which has a



zero eigenvalue, and block ]T/fg, which has a pair of imaginary
conjugate eigenvalues. Exploiting the change of variable (T7),
one can write the state evolution of the system as

w(t) = eMw(0) = eﬁMﬁTtw(O) = f’eﬁtlgTw(O).
and so the output
y(t) = (I, ® CHw(t) = (I, © C*)PeMt PTw(0).

As t — oo, all blocks eMit for i = 3,...,n tend to zero
because of the negative real part of their eigenvalues. Thus,
since the columns of P are the eigenvectors of matrix L it
follows

Mt

tlirgo yt) = (I, @ C") [vL,lvgyl Qe+ vL721)£2 ® eMQt]w(O)

— [(UL,1U£,1 ® C*eﬁlt) + (ngvfg ® C*eﬁgt)}w(()).

Matrix Ml has only one null eigenvalue (the others have
negative real part) with eigenvector 15 ® [000 1], thus

M, 0 0
. Mt
e g )

Since limy o, C*eMit = 0 it follows

lim y(t) =

Jim {ULQU%,? ® C’*eMQt]w(O).

The collective steady-state output dynamics results in
y*(t) = lim 17y(t) = 17 [vL,QUEQ ® C*eﬂzt} w(0)
—00 >
= [o@ e |w(0) = 0

We proved that the network reaches a steady-state with a
zero mean state output dynamics, in which each oscillator
has a non-trivial oscillatory behaviour due to the pair of
imaginary conjugate eigenvalues of block M, and so of M.
This completes the proof. O

V. NUMERICAL RESULTS

Simulations have been carried out by exploiting the 4-th
Order Runge—Kutta Method.

A. Fiedler vector estimation

We compare our protocol with the one in [8] because of
their similar structure. We keep our notation for any common

10t = 107

. —ea.(4) xeq.(4) 1.6
= 1010 - [8] o [8] o°°°?10, @
= . g 0? 1100 =

Yo = [0} ]

I 10771 Y N E o 2 10% /\i
= N N L o «x1103 T
:%10—11 [ A 4 F x X x %X El 10 Q-)
\\_" %oxx é102 =

—15 | | (e | | | | | i 1

10 0 100 200 300 0 20 40 60 80 100 10

t Number of agents n

Figure 2: Fiedler vector estima- Figure 3: Convergence time of
tion error in a network of 5 Fiedler vector estimation in line
agents. networks.

R(0)e7*® e 1Ty(0

(0)
R(15)e790%  m 1Ty(15)
R(t)e?*® —— 1Ty(t) for t € 0,15)
R(t)ei®® === 17y(1) for ¢ € [15,35]
)

Figure 4: Evolution of 5 coupled harmonic oscillators. The diffusive
coupling (8) is activated at ¢ = 5, while the desynchronizing local
feedback (I3)-(3) is activated at ¢ = 15.

variable (i.e., o, 8 and K7) while we use the notation in [§]]
for the remaining variables (i.e., k3, k3 and Kp).

In the first simulation, a MAS with n = 5 agents @,
random topology and local control law (@) is considered.
Accordingly with conditions of Theorem [2] we choose the
gains for the integral dynamic average consensus estimator as
B =25, Ky = 10, and the gain for the eigenvector estimator
as a = 6. The additional gains for the algorithm in [8] are
chosen as k2 = 1, k3 = 20 and Kp = 50. Network topology
and free parameters are the same of Example 1 in [8], common
variables are initialized to the same values while the others are
chosen to nullify the initial error estimation.

In the second simulation, we consider a MAS with increas-
ing number n of agents, line topology and local control law
(). With the choice of the line topology we are considering
the worst case scenario for the dynamic average estimator.
According to conditions of Theorem [2] the gains for the inte-
gral dynamic average consensus estimator are chosen 5 = 10,
K = 15, the gain for the eigenvector estimator is ov = 2Af, .
The additional gains for the algorithm in [8] are chosen as
kQ = ]., kg = 2)\L,2 and KP = 25.

The Figures [2}3] show the results of the two simula-
tions just described. First, Fig [2] shows the error evolution
e(t) = ||.’L‘(t) — 5[/72”? 5L,2 = limtﬁoo HSC(t)HUL’Q. Second,
Fig. [3] shows, for different values of n, the time required by
the two algorithms to reach an error of the order of 1076,
Both simulations reveal that, in the face of the assumption
on the knowledge of the algebraic connectivity, the proposed
algorithm has a faster convergence rate, making it more
scalable with the number of the agents in the network.

B. Desynchronization of harmonic oscillators

Synchronization of networked mechanical oscillator systems
have been subject of interest [21], [22], [32]], [33]]. Here we
give a physical example of application of Theorem 3}

Consider the networked mechanical systems consisting of
n train wagons of identical mass m with linear dumper
b interaction [33] and a mass-spring-damper modeling the
interaction with the ground. Assuming a (ideally) null damping



in order to guarantee the best comfort to the passengers, and
denoting the spring coefficient with k, the model becomes the
one in ([7)-(8) with natural frequency w = y/k/m = 0.1 and
dumping coefficient b = 1. The feedback control (13) models
the active suspensions between wagons and desynchronization
corresponds to the minimum stress on the rails.

Simulation of a line-topology network with n = 5 nodes
is shown in Fig. ] with o = 1.88 and K; = 2, according to
Theorem [3] The oscillators start evolving without any coupling
until at ¢ = 5 the diffusive coupling is enabled and synchro-
nization is achieved. Let us denote with R(t)e/?(*) the centroid
as defined in (T0)-(TI) given x(t) as the initial condition of
the network x(t); it is clear that lim; ., R(t) = R. Thus,
as can be seen in Fig. @ the collective output dynamics has
constant module R(t) = 0.6 for t € [0,15). At ¢ = 15 the
proposed control feedback is activated and the network is
shown to reach desynchronization in the sense of Definition [I]
ie, R=lim_,o R(t) = limy_,oc ~1Ty(t) = 1Ty**(t) = 0.

VI. CONCLUSIONS

In this work we proposed a protocol for solving the problem
of distributed Fiedler vector estimation in networks of single-
integrator agents. Exploiting the zero mean property of the
Fiedler vector, we employed the proposed protocol as a local
feedback to achieve desynchronization in a network of diffu-
sively coupled harmonic oscillators. The main advantages of
the proposed protocol are its robustness to re-initialization and
a fast convergence rate. Future works will focus on relaxing
the condition on the knowledge of the algebraic connectivity,
thus paving the way to address time-varying topologies.
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