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Abstract

Theuseof anobserverin Petrinetcontrolmaysignificantly
reducethe performanceof the closed-loopsystembecause
of theincompleteknowledgeof thenetmarking.In thispa-
perwepresentanalgorithmthatusestheinformationonthe
timing structureassociatedto thenet to improve themark-
ing estimate.Thisproceduremaybeinvokednotonly when
the controlledsystemhasentereda blocking condition(as
in a previous work) but alsowhenever a transitionhasnot
fired for a time larger than its expecteddelay. The algo-
rithm requiressolvinga numberof integer linearprogram-
ming problemsandhelpsusto detectpartialdeadlocksand
to acceleratetheconvergenceof themarkingestimationpro-
cedure.

1 Intr oduction

In this paperwe dealwith the issueof controlling a timed
Petri net whosemarking cannotbe measured.The state-
feedbackcontrolof discreteeventsystemswith incomplete
information has already been discussedin the literature
[6, 7, 11, 13]. In particular, we assumethat the net struc-
ture is completelyknown while the initial markingis only
known to belongto a “macromarking”,i.e., we know the
tokencontentsof subsetsof placesbut not the exact token
distribution.
In previousworks [6, 7] it wasshown how it is possibleto
estimatethe actualmarkingof the net basedon the obser-
vationof a wordof events(i.e., transitionfirings)andanal-
gorithmwasgivenfor computingthemarkingestimateand
error bound. The estimateis alwaysa lower boundof the
actualmarking. The systemthat computesthe estimateis
calledanobserver. Thespecialstructureof Petrinetsallows
us to usea simple linear algebraicformalismfor estimate
anderrorcomputation.In particular, theset � of markings
consistentwith anobservedword,i.e.,thesetof markingsin
which thesystemmayactuallybegiventheobservedword,
can easily be describedin termsof the observer estimate
andcanbecharacterizedastheintegersolutionsof a linear
constraintset.
In [6, 7] we have shown how theestimategeneratedby the
observermaybeusedto designa statefeedbackcontroller,
thatensuresthat thecontrolledsystemneverentersa setof
forbiddenstates.We considereda specialclassof specifi-
cationsthat limit the weightedsumof markingsin subsets
of placescalled generalizedmutual exclusion constraints
(GMEC).
Clearly, the presenceof an observer in the feedbackloop,
i.e., the useof markingestimatesasopposedto the exact
knowledgeof the actualmarking of the plant, leadsto a
worseperformanceof the closed-loopsystem.In fact, the

controllermay disabletransitionswhosefiring is perfectly
legal, andbecauseof this it may be the casethat the con-
trolled systemis blocking. This problemwastackledin [2]
wherewe showed that the set of deadlockmarkingsof a
structurallyboundedP/T netcanbecharacterizedasthein-
teger solutionsof a linear constraintset. We assumedthat
if no transitionfiring occurswithin a reasonableamountof
time in a controlledsystem,a deadlockhasoccurredand
a deadlockrecovery procedureis invoked. In sucha pro-
cedurethe additionalinformationthat the controllednet is
deadlockedis usedto reducethesetof consistentmarkings� , thus obtaininga betterestimateof the actualmarking.
In fact,givena net � where ��� is thesubsetof transitions
enabledby thecontroller, if no transitioncanfire, thenthe
actualmarking � mustalsobelongto the set �
	 � ���  of
blockingmarkingsfor thenet ��� obtainedfrom � remov-
ing all transitionsnot in ��� . This smallersetof consistent
markings�����
	 � ���  canalsobe characterizedby a lin-
earconstraintset.A smallersetof consistentmarkingsmay
allow usto computea lessrestrictive controlpatternandto
recover from a deadlockcreatedby the presenceof an ob-
server in thefeedbackloop.
In thispaperweextendthis resultandfocusourattentionto
timedPetrinets,i.e., Petrinetswherea delayis associated
to eachtransition. The delayrepresentsthe time thatmust
elapsefrom theenablingof thetransitionuntil it fires.
We proposea new controlalgorithmthatusestheprevious
markingestimateandcontrol approach,but thatalsotakes
intoaccounttheknowledgeof thedelaysandof theenabling
statusof eachtransition.In fact,whenatransition� hasbeen
controlenabledfor a time longerthanits delaywithout fir-
ing (we say that it hastimed-out),thenwe know that the
actualmarkingdoesnot enable� . If ��� � is thesetof transi-
tions thathave timedout, repeatingthe previousreasoning
we canbesurethattheactualmarking � mustalsobelong
to the set of blocking markingsfor the net ��� � obtained
from � removing all transitionsnot in ��� � .
This algorithm not only allows the controller to recover
from a total deadlock(as in [2]) but it allows one to de-
tect partial deadlocksas well, and in generalit improves
andacceleratesthe convergenceof the markingestimation
procedure.

2 Background on Petri nets

In this sectionwe recall the formalism usedin the paper.
For moredetailson Petrinetswe addressto [9].
A Place/Transition net (P/T net) is a structure ���� ��� ��� ��� � � ���  �  , where � is a setof ! places;� is a set
of " transitions;��� ��#$��%&�
')( and ���  �&#$��%&�
')(
arethe * � � – and*��  � – incidencefunctionsthatspecifythe
arcs; +,�-���  �$.���� � is theincidencematrix. Thepreset
andpostsetof a node/10��324� aredenoted5 / and /65



while 7 867�9�7�8,:�867 .
A marking is a vector ;=<�>@?BA that assignsto each
placeof a >�C D netanon–negativeintegernumberof tokens,
representedby blackdots.In thefollowingwedenote;,E F�G
themarkingof placeF .
A transition H is enabledat ; if ;JI,>�K L E M N H G andmay
fire yielding the marking ;-O�9@;QP-RSE M N H G . We write;UT V�WX;-O to denotethat the enabledsequenceof transi-
tions V mayfire at ; yielding ;-O , or equivalentlywe use
thenotation ;-OY9-V�E ;-G and ;Z9[V�\Y] E ;-O G . Moreover,
we denoteVSE ;6^ G�9
;`_ . Finally, we denoteV&^ the se-
quenceof null length.
A marking ; is reachable in a from ;�^ if f thereexists
a firing sequenceV suchthat ;6^`T V�W�; . The setof all
markingsreachablefrom ;�^ definesthereachability setofb a4N ;�^ W andis denotedcSE a�N ;�^ G .
A nonnegative integervector de[f9 dg h suchthat deXi M Rj9dg k i is calledaP–invariant (here dg l denotesa mXn�o vector
of zeros).
A transition H is saidto be live if for any ;qp`cSE a4N ;6^ G ,
thereexistsa sequenceof transitionsfirablefrom ; which
containsH . A Petrinet is saidto belive if all transitionsare
live. A Petri net is saidto be deadlock–free if at leastone
transitionis enabledat every reachablemarking.
A placeF is saidto beboundedif thereexistsa constantm
suchthat ;,E F�G�r[m for all ;Zp6cSE a4N ;6^ G . A netsystem
is boundedif all placesarebounded.A net is structurally
boundedif it is boundedfor all initial markings.

Definition 1 Given a net aq9sE >&N D�N >�K L N >�t u H G , and a
subsetD�OYvwD of its transitions,we definethe D�O x induced
subnetof a as the new net a�O69ZE >&N D�O N >�K L O N >�t u H O G
where >�K L O N >�t u H O are the restrictionof >�K L N >�t u H to D O .
Thenet a�O canbethoughtasobtainedfrom a removing all
transitionsin D`y$D�O . We alsowrite a�O�z i�{ a . |
A deterministictimedP/T net is a pair E a4N } G , where a~9E >&N D�N >�K L N >�t u H G is a standardP/T net, and } E H Gw<�D
?���^ , calledreleasedelay, assignsa non-negativefixedfiring
durationto eachtransition.A transitionwith areleasedelay
equalto

g
is saidto be immediate.The valueof } E H G rep-

resentsthe time thatmustelapse,startingfrom the time at
which the transition H is enabled,until it fires. We usesin-
gle server-semantics,i.e., no concurrentfirings of thesame
transitionarepossible.
Finally, weconcludethissectionrecallingalinearalgebraic
characterizationof deadlockmarkingsderived in [2] that
will beusedin thepaper. Suchacharacterizationis valid for
ordinaryandstructurallyboundedPetrinets.Notethatsim-
ilar linear characterizationshave beenindependentlypro-
posedin [1, 3, 10].

Theorem2 ([2]) Givena structurally boundednet a with� places,a marking ;�p,A h is a deadlock marking if
andonly if there existsa vector du�p3� g N o � h such that the
followingsetof linear equationsis satisfied:

� E a�G&< 9
������� ������
� ] M >�K L i M�du�I3>�t u H i M du=E � G��� M du�P`;Qr �X� M do h E � Gdu�P`;QI do h E � G>�K L i M�du�I do E � G;�p4A h E L Gdu�p6� g N o � h E ��G

(1)

where
� ] 93��� � � � i >�t u H i E M N H GYM do and

���
is anypositive

integer greateror equal to the maximumstructural bound
of F , for any F4p4> . |
By virtueof thelinearcharacterizationabove,wedefinethe
setof blockingmarkingsof anet a as:�
� E a�G&9w� ;�����du�p�� g N o � h <�E ;[N du G�p � E a�G � � (2)

3 Marking estimation with macromarkings

In this paperwe assumethat partial informationaboutthe
initial marking is available. In particular, we assumethat
theinitial markingis givenin theform of a macromarking.

Definition 3 ([7]) Assumethat the setof places> canbe
writtenastheunionof K�P4o subsets:>-9w>Y^ :�> ] :�M M M :�>Y�
suchthat >�^S�`>Y 391¡ , for all ¢¤£ g . The numberof
tokenscontainedin >�  (¢w£ g ) is known to be �   , while
thenumberof tokensin >Y^ is unknown. For each>Y  , let d¥  
be its characteristicvector, i.e., ¥   E F�GX9
o if F3pw>Y  , else¥   E F�G$9 g .
The macromarkingdefinedby ¦@9)T d¥ ] N M M M�N d¥ � § and d��9T � ] N M M M�N � � § is the setof markings ¨�E ¦$N d� G�9j� ;qp`A h �¦ i ;©9 d� � . |
The notion of macromarkingoccursfrequentlywhen de-
scribingsystemscontaininga known setof resources(e.g.,
parts,machines)whoseactualconditions(e.g.,exact loca-
tion of partswithin the plant, stateof a machine)is un-
known.
We make the following assumptions.A1) Thestructureof
the net a19
E >&N D�N >�K L N >�t u H G is known, while the initial
marking ;�^ is not. A2) The event occurrences(i.e., the
transitionfirings) canbeobserved.A3) Theinitial marking;�^ belongsto the macromarking̈�E ¦$N d� G , i.e., it satisfies
theequation¦ i ;�^�9 d� .
We alsointroducethefollowing notation.

Definition 4 ([6]) After theword V hasbeenobservedwe
definethesetof VSx consistentmarkingsasª E V�G&9[� ;Qp4A h � � ;�^�p4¨�E ¦$N d� G N�;6^ T V�W ;¤� �
i.e., asthe setof all markingsin which thesystemmay be
giventheobservedbehaviour andtheinitial marking. |
Givenanevolution of thenet ;�^ T H « ¬ W ; ] T H «  W�M M M , we use
thefollowing algorithmto computeestimate®Y_ andbound¯ _ of eachactualmarking ;�_ basedon theobservationof
the word of events V°9±H « ¬ H « $M M M H « ² , andof the knowl-
edgeof theinitial macromarking̈�E ¦$N d� G .
Algorithm 5 ([6]) Marking Estimationwith EventObser-
vationandInitial Macromarking
1. Let theinitial estimatebe ®Y_�³�9 dg h .
2. Let theinitial boundbe

¯ _�³�9 d� .
3. Let thecurrentobservedword be V-9`V�^ .
4. Wait until H fires.
5. Updatetheestimate®Y_ to ®YO_�� with® O_�� E F�G&93�X� ��� ®Y_&E F�G N >�K L E FYN H G � �



6. Let ´Yµ�¶$·3´Y¸µ�¶Y¹�ºX» ¼ ½ ¾ ¿ .
7. Let À�µ�¶$·wÀ�µ�Á�Â�Ã ¼ » ´Y¸µ�¶ Á6´Yµ ¿ .
8. Goto4. Ä
Thesetof consistentmarkingscanbecharacterizedin terms
of theestimaté andbound À 1 asfollows. We first define
thefollowing set.

Definition 6 Given a net with initial macromarkingÅ » Â ½ ÆÇ ¿ , acurrentestimaté andboundÀ computedby Al-
gorithm5, wedefinethesetof » ´ ½ À ¿ -consistentmarkingsÈ » ´ ½ À ¿ ·[É ÊQË�Ì�Í�Î ÊQÏ`´ ½ Â Ã ¼ Ê©·wÂ Ã ¼ ´ ¹ ÀXÐ Ñ

(3)Ä
Theorem7 ([6]) Given a net with initial macromarkingÅ » Â ½ ÆÇ ¿ , an observed word Ò , and the correspondingesti-
matedmarking ´ andbound À computedby Algorithm 5,
thesetof Ò�Á consistentmarkingscoincideswith thesetof» ´ ½ À ¿ -consistentmarkings,i.e., Ó » Ò ¿ · È » ´ ½ À ¿ . Ä

4 Control usingobservers

In this sectionwe show how the marking estimatecon-
structedwith the formalismdiscussedin the previous sec-
tion canbeusedby a controlagentto enforcea givenspec-
ificationon theplantbehaviour [7].
We make several assumptionsthat are briefly discussed
here.Ô

Thespecificationis givenasa setof forbiddenmark-
ings Õ . Thesetof legalmarkingsis Ö3·wÌ�×¤Á�Õ .Ô
We consider a special type of state specifica-
tionscalledgeneralizedmutualexclusionconstraints
(GMEC) that have beenconsideredby variousau-
thors[5, 8, 12].

Givenanintegermatrix Øw·,Ù ÆÚ Û ¼ ¼ ¼ ÆÚ Ü Ý with ÆÚ Þ Ë6ß�×
anda vector Æà ·¤Ù à Û ½ ¼ ¼ ¼�½ à Ü Ý with

à Þ Ë6ß , a GMEC» Ø ½ Æà ¿ definesthesetof legal statesÖ3·[É ÊQË4Ì × Î Ø Ã ¼ Ê�á Æà Ð ÑÔ
Thecontrollermaydisabletransitionsto prevent the
plant from enteringa forbiddenmarking,computing
a control pattern â » ¾ ½ Ê ¿�ã&ä±å Ì�×1æqÉ ç ½ è Ð . Ifâ » ¾ ½ Ê ¿ ·°ç then ¾ is disabledby the controlleratÊ .Ô
All transitionsarecontrollable,i.e., canbe disabled
by thecontroller.

When an observer is usedin the control loop, the actual
marking Ê is not known and only the set of consistent
markingsÓ6é3ÌY× is availableto thecontroller. Thecontrol
law now becomesa function â » ¾ ½ Ó ¿Sã�ä¤å6ê ë ì æ©É ç ½ è Ð
andcanbegivenasfollows.

1To avoid aheavy notation,wewill dropthesubscriptí from î and ï
whenever it is possiblewithout introducingambiguity.
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Figure1: Layoutof theautomatedmanufacturingsystem.

Definition 8 (Optimal statefeedbackwith observer.)
Given a GMEC » Ø ½ Æà ¿ and a set of consistentmarkingsÓ,é
Ì�× , the firing of transition ¾ shouldbe preventedif
andonly if thereexistsa legal consistentmarking Ê such
that the firing of ¾ from Ê leadsto a forbiddenmarking,
i.e.,

â » ¾ ½ Ó ¿ ·©ôõ ö ç if » ÷ Ê ¿ ÊQË4Ó ½ Ø$Ã ¼ ÊQá Æà ½Ê,Ù ¾ ø Ê-¸ ½&» ÷ ù ¿&ÆÚ Þ ¼ Ê-¸�ú à Þè otherwise.

The computationof the control patternmay be carriedout
solving a numberof linear integer programmingproblems
(IPP)asgivenin thefollowing algorithm.
Algorithm

1. For all transitions¾ , let û ¶6·~É ù Î ÆÚ ÃÞ ¼ ºX» ¼ ½ ¾ ¿ úç Ð bethesetof indicesof thoseconstraintsthatmay
potentiallybeviolatedby thefiring of ¾ .

2. Solve for eachù Ë6û ¶ theIPP

ôüüüüüõ üüüüü
ö
ý�þ ÿ ÆÚ ÃÞ ¼ Ê-¸
s.t.ÊQË4Ó » � ¿Ø&Ã ¼ Ê�á Æà » Ç ¿ÊQÏ ��� � » ¼ ½ ¾ ¿ » � ¿Ê-¸�·wÊ ¹�ºX» ¼ ½ ¾ ¿Z» � ¿

(4)

andlet � Þ » ¾ ¿ beits optimalsolution.

3. Defineâ » ¾ ½ Ó ¿ · � ç if » ÷ ù Ë�û ¶ ¿ � Þ » ¾ ¿ ú à Þè otherwise. (5)

thedesiredcontrolpattern. Ä
Thusa transition¾ is disabledonly if it mayfire (constraint
(c)) andthereexistsaconsistentmarking Ê (constraint(a))
that is legal (constraint(b)) and from which the firing of¾ leadsto a marking Ê ¸ (constraint(d)) that is not legal
becausefor at leastone ù it holds � Þ » ¾ ¿ · ÆÚ ÃÞ ¼ Ê-¸�ú à Þ .
Note that underthe assumptionthat the actualmarking is
legal, we neednot solve IPP (4) for all thoseconstraints
such ÆÚ ÃÞ ¼ ºX» ¼ ½ ¾ ¿ á¤ç , becausethey maynever beviolated
by thefiring of ¾ .
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Figure2: Petri netmodelof themanufacturingsystemin figure1.

4.1 A manufacturing example
We now apply the above methodologyto a classicalauto-
matedmanufacturingsystemwhoselayout is shown in fig-
ure1 andwhosePetrinetmodelis shown in figure2 (places���

,
���

,
���

and all connectedarcsshouldbe ignoredat
first). This systemis similar to theonedescribedin [14].
Theplantconsistsof fivemachines(M1 to M5), four robots
(R1 to R4), a finite capacitybuffer B, two inputs of raw
parts(I1 andI2) of type1andtype2respectively, two AGV
systems(AGV1 and AGV2), and finally two outputs(O1
andO2) for the processedparts. The plant producestwo
differenttypesof productsfrom two typesof raw materials.
An unlimitedsourceof raw partsis assumed.It is supposed
thatthereare20 palletsfor eachtypeof product.
ThePetrinetmodelin figure2 belongsto a specialclassof
Petrinetscalled ��� ��� [4]. Thisnethas "! � # placesand$ ! � � transitions.Themarkingof place% � & , theco-buffer,
representsthenumberof freebuffer slots,while themarking
of places%(' and %*) + representrespectively the numberof
type1andtype2partspresentin the buffer. Thereexist 14
circuits,eachcorrespondingto a P-invariant. If we assume
thattheinitial markingof thenetis thatin figure2, wehave
(heretoavoidaheavy notationwedenoteas,.- themarking
of place%(- ) / ) �- 01) ,.-2! � 3 , / & &- 02) 4 ,5-2! � 3 , ,.6(78, & � !�
, ,59:7;, & 4<! � , ,5) )=7;, & 6>! � , ,?) 9�7@, & 9<! � ,, & A 7;, & B ! � , ,?) � 7C, � � ! � , , & & 7;, � 4@! � ,, � 7?,.4�7@,5) 6:7@, & +D! � , ,?) & 7@, & ):7@, & 'D! � ,, B 7?,5+:7@,5) A 7@, � A ! � , ,?) B 7@,?) '�7@, � )E! � ,,5'=7@,5) +=7@, � & !GF . We assumethat the above setof

P-invariantscoincideswith themacromarking,thus H�I(J�!KL !CM � 38� 3E�8���8���8�8���8���8� F N O .
Note that if the numberof P–invariantsis too high to be
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Figure3: Reachability graphof thenet in figure 2 undercontrol
whenno deadlock recoveryprocedure is applied.

takeninto account,we canonly ”keepa subsetof it”.
Moreover, we assumethatthecontrollermustenforcethree
specifications:PQ R / '- 0 & ,.-1S?F T U V/ ) +- 02) 6 ,5-1S?F T L V/ '- 0 & 7 / ) +- 01) 6 ,5-1S?WXT Y V (6)

Note that if the initial marking is completelyknown, the
additionof themonitorplaces

�8�
,
���

and
���

ensuresthe
satisfactionof the linear inequalityconstraints(6) andthe
closedloop net is live (this maybeeasilyprovedfollowing
theprocedurein [4]).
On the contrary, if the markingof the plant is not measur-
able,anobserver mustbeusedin thecontrol loop andthis
leadstoadeadlock.Theclosedloopbehaviour is thatshown
in figure3 wherethefirst line of eachnodecontainsthereal
markingof thenet,thesecondline containstheactualesti-
mateandthethird line containstheactualbound.
After thesequenceZ[!C\ ) & \ ) � \ ) 4 hasfired, only two tran-
sitions \ ) and \ ) 6 areenabledin thenet.Thecontrollerpre-
ventsthefiring of bothtransitionsevenif their firing is per-
fectly legal andthe net reachesa deadlock.This is dueto
thefactthatthereexistsat leastonemarkingin ]�T \ ) & \ ) � \ ) 4 V
that would producethe violation of one of the controller
specificationsif either transition \ ) or \ ) 6 fires. In partic-
ular, thefiring of \ ) may(potentially)violatespecifications
(a-c),while thefiring of \ ) 6 mayviolatespecifications(b-c).

5 Control with marking estimationand time–outs

In this sectionwe proposea generalapproachto exploit
availableinformationon the timing structureof the net so
asto obtaina betterestimateof thesetof consistentmark-
ings. The approachis essentiallybasedon the linear al-
gebraiccharacterizationof deadlockmarkingsgivenby the
systemof inequalities(1).
Let usassumethata known delay ^ T \ V�_ `badc is associ-
atedto eachtransition.We saythata transition\ hastimed-
out at time $2e Z if it hasbeencontrolenabledwithoutfiring
duringthetime interval M $2e Z?f>^ T \ V g $2e Z=N andthemarking
of its input placesh \ hasnot increasedduring this interval.



Thus,wecanbesurethatattime i2j k theactualmarkingl
is suchthat m1l[n o p , or equivalently o is notmarkingenabled.
Thesetof timed-outtransitionsis denotedq*r s .
Theprocedurethatwedescribein algorithm9 considerstwo
typesof eventsthatmodify themarkingestimate.Thefirst
typeof eventsoccurswhenthefiring of a transition to is de-
tected,while thesecondtypeof eventsoccurswhena new
transitiontimes-out.

Algorithm 9 Control andEstimateUpdatingAfter Transi-
tion Time-Out
In this algorithm the variable i2j k representsthe current
valueof the time. At eachinstantof time it is possibleto
partitionthesetof transitionsq into threesubsets:q2u8v@w oyxEqbz {1| o } ~*��v@� � is thesetof transitionsthatare

notcontrol enabledgiventhecurrentsetof consistent
markings.q*r s is thesetof control enabledtransitionsthathave timed-
out. A transition o belongsto this set if during the
timeinterval n i2j k��:� | o � } i2j k=� hascontinuouslybeen
controlenabledandthemarkingof all its inputplaces� o hasnot increasedduringthis sameinterval.q2� is thesetof thosecontrolenabledtransitionsthatdonot
belongto q(r s .

Thesearethestepsof thealgorithm.

1. Let �bvG�2�(� and ��v"�:�(� be the initial estimate
andbound,andlet ~?v[��| �2�(� } ���(� � be the initial
setof consistentmarkings.

2. Computefor all transitionso�x<q thecontrolpattern{1| o } ~2� andletq2u8v;w oyxEqbz {1| o } ~2��v@� � }q*r s:v@� }q2�=v;w oyxEqbz {1| o } ~*��vC� � �
3. Setfor all oyxEq2� thecurrentclock to �=| o �yv@� | o � .
4. Let ��v?�8� �*w �:| o �=z o=xEq2� � thetime to wait (step6).

5. Let �?v�i2j k and { s � � | o �8v�{1| o } ~*� (keepstrack of
thepreviouscontrolpattern).

6. Wait until

(a) EITHER a transition to firesandTHEN go to 7
(b) OR i2j k;v?���5� andTHEN go to 8.

If oneeventof type(a)andoneeventof type(b)occur
simultaneously, thencondition6.atakespriority.

7. Activatetheobserverupdateprocedure.

(a) Update the estimate to �2� with �2� | �(��v�8� �(w ��| �(� } �:  ¡ | �2} to � � �
(b) Let thecurrentestimateandboundbe �<v5�2� �¢ | £ } to � and �[v?�C�.¤�¥D£ | �2� �<�2� .
(c) Let the current set of consistentmarkingsbe~>v?��| ��} ��� .
(d) Computefor all transitionso<xbq the control

pattern{1| o } ~*� andletq*u8v;w oyxEqbz {1| o } ~2��v@� � }q(r s=v?q*r sy¦=w oyxEq*r s�z � o*§ to ��¨v@� � }q*�=v;w oyxDqCz {1| o } ~*��vC� }2o ¨xDq(r s � �

(e) Updatethe clocks. - For all transitionso8x5q2�
suchthat EITHER { s � � | o �8v"� (newly control
enabledtransitions)OR

� o §Dto �8¨v?� (transitions
who mayhave becomemarkingenabledby the
firing of to ) LET �:| o ��v@� | o � .
- For all transitionso=xEq*� suchthat { s � � | o �yvC�
AND

� o §>to � v@� (transitionswhowerecontrol
enabledbefore the firing of to and that cannot
have becomemarkingenabledby the firing ofto ) LET �=| o �yv?�=| o ���5| i2j k@�<� � .

(f) Go to 4.

8. Activatethetime-outprocedure.

(a) Let q(r s:v5q*r s�©>w oyxEq2��z �:| o ��v@� � .
(b) Let ª�r s�« ¥ ¬  ª bethe q(r s � inducedsubnetª .
(c) Computefor all transitionso<xbq the control

pattern{1| o } ~8§D�"® | ª�r s � � andletq*u8v;w oyxDqCz {1| o } ~*�yv?� � }q*�:v@w o=xEqCz {1| o } ~*�yvC� }*o ¨xEq(r s � �
(d) Improve the previous estimate� . This simply

requiresthe solution of ¯ linear integer pro-
grammingproblems(IPP), one for eachplace�(°1x>� : ±²³ ²´ ��� �:l[| �(° �µ � o �l¶xD��| ��} ���l¶xD�"® | ª�r s � (7)

Now, let �1·8v"n �1·¸5£ £ £y�1·¹ � ¥ , where �1·° is the
solution of the º –th IPP, and let �8·;v»�"�¤�¥�| �1·y�<�2� .

(e) Updatethe estimateandboundto �@v[�1· and�bv@�8· , andcomputethenew setof consistent
markings~>v@��| ��} ��� .

(f) If q2�<v�� exit (the net is deadlocked and the
time-out procedurefails to recover from the
deadlock),elsegoto4. ¼

Themainideabehindthealgorithmis thefollowing. If q*r s
is thesetof transitionsthathave timedout at time i2j k we
canbesurethat theactualmarking l mustalsobelongto
thesetof blockingmarkingsfor thenet ª�r s obtainedfromª removing all transitionsnot in q(r s . Thus in step8.(c)
we cancomputea (possibly)lessrestrictive controlpattern
usingassetof consistentmarkings~8§E�"® | ª�r s � .
This set,even if definedby a setof linear inequalities—
namely, theconstraintsetof IPP(7) — is not in thesimple
form givenby eq.(3) that is requiredin the following step
of thealgorithm.Thusat step8.(d)we approximateit with
a setof theform givenby eq.(3) computingnew estimates
andbounds.

5.1 Numerical example
Let us consideragain the manufacturing systemin sub-
section4.1 and assumethat delay times are associatedto
transitions. In particular, we assume: � | o �@v¾½ for allo[x¿q�¦Dw o ¸ À } o ¸ Á } o ¸ Â } o À ¸ } o À À } o À Á � , � | o �bvÃ� for o[xw o ¸ Á } o ¸ Â } o À À } o À Á � , and � | o ��v@Ä for o=x>w o ¸ À } o À ¸ � .
At step1 wedefinetheinitial estimateandbound.At step2
we computefor all transitionso.x�q the control pattern



Å1Æ Ç È É2Ê
andset Ë*Ì>Í[Î Ç Ï È Ç Ï Ð Ñ , Ë(Ò Ó�ÍbÔ and Ë2Õ�ÍCË?Ö=Ë*Ì .

Then,we setup theclock valueof eachtransitionin Ë2Õ to
its time delay. Giventheactualdelays,thetime-outto wait
beforeeitherapplyingtheobserverupdateprocedureor the
deadlockrecovery procedure,is ×<Í"Ø . In this case,after
onetime unit haselapsed,no transitionfires. In fact,none
amongall transitions

ÇDÙ Ë*Õ suchthat Ú Æ Ç Ê Í�Ø , namelyÇ Ï Û È Ç Ï Ü È Ç Ý Ý
and
Ç Ý Û

, mayactuallyfire even if their firing is
allowed by the controller. Thus,the time-outprocedureis
activated(step8).
This first implies the updating of Ë*Ò ÓÞÍßÔ to Ë*Ò Ó�ÍÎ Ç Ï Û È Ç Ï Ü È Ç Ý Ý È Ç Ý Û Ñ . Then, we definethe net à�Ò Ó obtained
from à removing all transitionsnot in Ë*Ò Ó . For all

Ç8Ù Ë
we computethe new control pattern

Å1Æ Ç È É*Ê
accordingto

step8.candwe updatethetransitionpartitioning.In partic-
ular, wefind out thatboth

Ç Ï
and
Ç Ï Ð

arestill disabledby the
controller, thus Ë*Ì8Í;Î Ç Ï È Ç Ï Ð Ñ , while Ë*Õ:Í5Ë5Ö Æ Ë2Ì:áEË*Ò Ó Ê .
Now, by solving â"Í@ã ä IPPweupdatethepreviousmark-
ing estimateandboundandgo backto step4 of the algo-
rithm. Numericalvaluesarereportedin figure4 whererect-
angularborderhasbeenusedto highlight that thetime–out
procedurehasbeenappliedbut no transitionhasfired.
At step4 we computethe new valueof × andwe find out
thatasin thepreviousstep ×EÍ�Ø . At this point, whenone
moretime unit haselapsed,transition

Ç Ï Ý
firesandthe ob-

server updateprocedureis applied.We updatetheestimate
andboundasshown in figure 4, while the control pattern
keepsthe samefor all transitions

Ç8Ù Ë . Moreover, beingå Ç Ï Û�æEÇ å Ï ÝEçÍ;Ô , thesetsË*Ò Ó andconsequentlyË2Õ shouldbe
updated. In particular, we have that Ë(Ò Ó>Í�Î Ç Ï Ü È Ç Ý Ý È Ç Ý Û Ñ
and Ë2Õ8Í[Ë@Ö Æ Ë2Ì�á>Ë(Ò Ó Ê , where Ë2Ì is the sameasin the
previousstep.
Then,after onemoretime unit

Ç Ï Û
fires, andafter another

time unit
Ç Ï Ü

fires aswell. The resultingmarkingestimate
andboundarethosereportedin figure4, respectively in the
fourth andfifth nodes.
As in the previoussteps,×EÍGØ but no transitionfires thus
thetime-outprocedureis invoked. Thenew controlpattern
is computedandall transitionsbecomecontrolenabled.The
markingestimateis alsoupdatedasin thesixthnodein fig-
ure4. Now, both

Ç Ï
or
Ç Ï Ð

mayfire.

6 Conclusions

We have consideredthe problem of enforcing a set of
GMEConaPetrinetsystemby astatefeedbackcontroland
underthehypothesisthatthestateis notmeasurablebut can
only be estimated.An algorithmthat acceleratesthe state
estimationbasedon the knowledgeof the timing structure
of net hasbeenpresented.This algorithmmay alsoallow
thecontrollednetto recover from a deadlock.
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