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Abstract

For continuous-time switched affine systems, this paper proposes an approach for solving infinite-
horizon optimal control problems where the decision variables are the switching instants and the
sequence of operating modes. The procedure iterates between a “master” procedure that finds an op-
timal switching sequence of modes, and a “slave” procedure that finds the optimal switching instants.
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1 Introduction

Switched systems are a particular class of hybrid systems that switch between many operating modes,
where each mode is governed by its own characteristic dynamical law [8]. Typically, mode transitions
are triggered by variables crossing specific thresholds (state events), by the elapse of certain time periods
(time events), or by external inputs (input events). The problem of determining optimal control laws
for this class of hybrid systems has been widely investigated in the last years and many results can be
found in the control and computer science literature. For continuous-time hybrid systems, most of the
literature is focused on the study of necessary conditions for a trajectory to be optimal [15], and on
the computation of optimal/suboptimal solutions by means of dynamic programming or the maximum
principle [6, 7, 11, 12, 16, 19].

The hybrid optimal control problem becomes less complex when the dynamics is expressed in discrete-
time or as discrete-events [1, 5]. In such a case, the main source of complexity is the combinatorial
number of possible switching sequences. By combining reachability analysis and quadratic optimization,
in [2] we proposed a technique that rules out switching sequences that are either not optimal or simply not
compatible with the evolution of the dynamical system. An algorithm to optimize switching sequences
that has an arbitrary degree of suboptimality was presented in [13].

In the continuous-time case, and in particular for switched linear systems composed by stable au-
tonomous dynamics, by assuming that the switching sequence is preassigned (and, therefore, that the
only decision variables to be optimized are the switching instants), in [9, 10] we proved an important
result: the control law is a state-feedback and there exists a numerically viable procedure to compute the
switching regions Cj, n, i.e., the points of the state space where the k-th switch of a sequence of length
N should occur.

In this paper we solve the optimal control problem for continuous-time switched affine systems in which
both the switching instants and the switching sequence are decision variables. The procedure exploits a
synergy of discrete-time and continuous-time techniques, by alternating between a “master” procedure
that finds an optimal switching sequence and a “slave” procedure that finds the optimal switching instants.
A few simple heuristics can be added to the algorithm to improve its performance. Although the final
optimal switching policy is computed for a given initial state, as a by-product of the algorithm it has a
state-feedback nature, which is only valid however for “small” perturbations of the initial state such that
the optimal switching sequence does not change. A related approach that optimizes hybrid processes
by combining mixed-integer linear programming (MILP) to obtain a candidate switching sequence and
dynamic simulation was proposed in [14]. A two-stage procedure which exploits the derivatives of the
optimal cost with respect to the switching instants was proposed in [19].

Although we formally prove that the algorithm always converges to a local minimum, the global mini-
mum is not always reached. We run the algorithm on a large number of random tests and observed that
it converges extremely quickly to the global optimum on most of the problems.

The paper extends previous results appeared in [3] by allowing arbitrary affine dynamics (non-asymptotically
stable transition matrices and constant perturbation terms).



A different solution to the same optimal control problem has been proposed by the authors in [4], that is
inspired by dynamic programming and is based on the construction of switching tables. In such a case the
global optimum is guaranteed and the procedure always provides a closed loop solution. Nevertheless,
the computational complexity of the off-line part is significantly larger. A detailed comparison among
the two approaches is given in [4].

2 Problem Formulation

In this paper we consider the following class of hybrid systems
@(t) = Aypyx(t) + fiy, i(t) €S (1)

that we denote as switched affine systems, where z:(t) € R", i(t) € S is the control variable, and
S 2 {1,2,...,s} is a finite set of integers, each one associated with an affine dynamics.

For such a class of hybrid systems we want to solve the following optimal control problem

Vi A 1}1¥1 {F(I, T) 2 /Ooo x'(t)Qi(t)fU(t)dt}
s.t. (t) = Ay (t) + fi
2(0) = a0 )
i(t) =g for mpq <t < 7p
€S, k=1,...,N+1
70 =0, TN;1 = +00
T €RsoVE=1,...,N

where N is the maximum allowed number of switches (fixed a priori), T £ {71,...,7n} is a finite
sequence of switching times, I £ {iy,...,iy1} is a finite sequence of switching indices, and zq is the
initial state of the system. We assume that (); is a positive definite weight matrix associated with the ¢-th
dynamics, for all ¢ € S. We denote by i*(t), t € [0, +00), i*(t) = i}, for 7;/_; <t < 77 the switching
trajectory solving (2), and I*, 7* the corresponding optimal sequences.

In order to make the problem solvable with finite cost Vy;, we assume the following:
Assumption 1. There exists at least one index i € S such that A; is strictly Hurwitz and f; = 0.

The optimal control problem may be easily generalized. One may assume that whenever at time 75 a
switch from iy, to 9511 occurs, the state should jump from z(7,) to J}(T,:_ ) = Myx(7, ) asin [10]. One
may also assume that a cost is associated to each switch as in [9]. However, to avoid heavy notation in
this paper we only restrict to the basic framework (2).



The optimal control problem (2) may also be rewritten as:

N+1
min > 2l Qi (R)ak—1 + Cy, (R)ak—1 + a, (k)
’ k=1
3)
st. xp = Aik(k)xk—l + ﬁ'k, k=1,....N+1
xo = x(0)
where
Az(k‘) A e(Tk_Tk—l)Ai’
_ Tk 4
fl(k) L / e(kat)Aidt ( )
Tk—1
and Q;(k), ¢;(k), a;(k) can be obtained by simple integration and linear algebra !.
Consider a decomposition of (3) into the following “master” and “slave” subproblems:
Problem 1 (Master). For a fixed sequence of switched times Ty, ..., Tn, solve the optimal control prob-
lem (3) with respect to i1, ..., in+1. Denote by
{ila---aiN—H}:fM(7_—17~--,7_'N) )
and Vi (T1, ..., TN) the optimizing index sequence and optimal value, respectively.
Problem 2 (Slave). For a fixed sequence of switching indices 11, ..., in+1, Solve the optimal control
problem (3) with respect to T, ..., TN. Denote by
{7’1,...,7‘]\[}:fs(il,...,fNJrl) (6)
and Vs (11, . ..,in+1) the optimizing timing sequence and optimal value, respectively.

'In [3] we assumed A; asymptotically stable and simply expressed Q; (k) = Z; — A}(k)Z;A;(k), where Z; is the unique
solution of the Lyapunov equation A;Z; + Z;A; = —Q;. The same computation is valid when the eigenvalues of A; are all
unstable. On the other hand, in this paper we are not making any assumptions on the eigenvalues of A;, and moreover we have
the affine terms f;. We can still compute Q, (k) by using direct integration. Indeed, if for simplicity we assume that A; is
diagonalizable, A; = T[lAiTi, A; = Diag{)\},..., A"}, and f; = 0, we obtain

JTE 2 ()Qim(t)dt =

Tk—1

Tk

! / At —1y/ —1 At

Tp—1Tiy, (/ etk (Tik )Qisz‘k etk dt) Ty Th—1-
Tk—1

Qi

The case of A; not diagonalizable and f; # 0 is similar.



3 Master Algorithm

For a fixed sequence of switched times 71, ..., Ty, the master algorithm solves the optimal control
problem (3) with respect to ¢y, ..., ¢y+1. It is a purely combinatorial problem that can be rephrased as:

N+1
min { ; 21 Qi (k) -1 + Cip (K)zp—1 + %(’f)}

(7
s.t. xk:Aik(k)l'k—l‘Ffik(k)’ k=1,....N+1

x(0).

o

Problem (7) can be efficiently solved via Mixed-Integer Quadratic Programming (MIQP) (see e.g. [17]
or the free Matlab solver available at http://control.ethz.ch/ " hybrid/migp). To this end,
we need to introduce binary variables v¥ € {0,1} and continuous variables 2 € R", i € S, k =
1,...,N + 1, where

b =1 & [itk) =1, (8a)
Vk=1,...,.N+1,V¥ieS (8b)
27 = (Aik)zey + i), (8¢)
Vk=1,...,N,Vie8 (8d)
zil = mofyl-l, VieS (8e)
o = Y Zt Vk=0,...,N (8)
=1
P = 1, vk=1,...,N+1 (8g)
=1
P =1, (8h)
1€Sas

where the exclusive-or constraint (8g) follows by the fact that only one dynamics can be active in each
interval k, and in (8h) S, is the set of indices ¢ € S such that A; is strictly Hurwitz and f; = 0, so that
the last dynamics to be asymptotically stable and linear.

Constraints (8d)-(8e) can be transformed into the following set of mixed-integer linear inequalities by
using the so-called “big-M” technique (see e.g. [5, 18] for details):

2 < MAF, VE=1,...,N+1 (9a)
—2F < MAF, VE=1,...,N+1 (9b)
2 < Aj(k)ae—y + filk) + M(1—A)), (9¢)

Vk=1,...,N (9d)

2T < = Ak — filk) + M(1— ), (%e)
Vk=1,...,N 9f)

2zl < mo+M(1-4}) 9g)

—z < —wo+ M(1-7)) (%h)



forall i € S, where M € R" is an upper bound on the state vector x (more precisely, the j-th component
M7 of M is an upper bound on |27 |, where 27 is the j-th component of the state vector), and therefore
an upper bound on xg and on A;(k)xy_1 + fi(k) = xy, forallk =2,..., N +1,i € 8. Usually M can
be estimated on the basis of physical considerations on the hybrid system. Constraints (8g)—(8h) can be
instead expressed as

S
=1, Vk=1,...,N+1
i=1

(10)
YT =0, Vi g Sus.
Summing up, the master problem (7) is equivalent to the MIQP
N+1 s
min 33| Qi)
$k:%‘ y %4 k‘:l =1
k=1,...,N+1
i=1,...,s 1)
Gi(k)zf + ai(k)vi
s.t.  (8f), (9), (10).
4 Slave Algorithm
For a fixed sequence of switching indices 21, ...,2x+1, the slave algorithm solves the optimal control

problem (3) with respect to 7, ..., TN

A solution to this problem where the switching sequence is pre-assigned and the system dynamics are all
asymptotically stable and linear, was already presented in [10]. In particular, in [10] it was shown that
the optimal control law turns out to be a “homogeneous feedback”™, in the sense that for all £ < N: (a) it
is possible to identify a region Cj, v of the state space such that the k—th switch should occur if and only
if we are within this region; (b) this region is homogeneous, i.e., if x € Cj, n, then Ax € Cy, n, for all real
numbers A.

We have also provided an algorithmic way to construct the regions. In fact, we observed that it is suffi-
cient to determine which points on the unitary semi—sphere belong to a region to completely determine
the region itself (because it is a homogeneous space). In [10] we have also shown that these switching
regions can be computed starting from the last one.

Here, we first show that all these results can be easily extended to the case of linear systems whose dy-
namics may also be unstable, with the only requirement that there exists at least one admissible dynamics
that is strictly Hurwitz. In such a case the residual cost from the k-th to the /N-th switch, given a state z,
may be written as:

Fi(@, O, 61, - - 0n) = S0 @1 Qi ()i (12)



where 6; = 7; — 7j_1 is the j—th switching interval and z;_; = .

The analytical expressions of Qij ’s are not reported here for brevity, but they can be easily computed by
following the same reasoning of footnote 1 at page 4. Moreover, the last system dynamics will always
be chosen stable, thus Q;,.,(N + 1) = Z;,, where Z;, , is the unique solution to the Lyapunov
equation A Ziy.\ + Ziy, Aiyy = —Qiy, (N + 1) The other Qi,’s only depend on the j-th
system dynamics and on the values of J, for » = j + 1,--- , N. Thus, we may conclude that Fj, is a
quadratic function of z.

As in [10], we may also define the corresponding k-th optimal switching interval as:

0p(x) = arg min Fj(z, 0, 63y q (k) ..., On(TN=1))
(SkER(T

where z; = 0] (Ij‘l)mj_l. Finally we obtain

CkJV:{(L' | 5:(1’):0} kzl,...,N. (13)

We also observe that for all A € R, all £ € N and all z € R": 6;(Az) = §;(x). Thus, by repeating the
same reasoning of [10], we can conclude that the regions are still homogeneous. This implies that we
may use the same procedure of [10] for the computation of the switching regions: we choose a suitable
discretization step and for each point x on the unitary semi—sphere, determine if it belongs to Cy n,
Cn—1,N, etc., also computing step by step the corresponding values of the remaining cost. The output of
this procedure is the set of switching regions. To determine the optimal switching instants, the evolution
of the system is simulated starting from the initial state xg, by switching as soon as the next switching
region is reached.

Let us finally consider the most general case of affine dynamics. The previous approach (homogeneous
regions) remains valid, because we can rewrite the original affine dynamics as a linear dynamics by
augmenting the state space from R” to R"+1:

d | z(t) Aipyz(t)  fiw z(t)
dt | z(t) 0 0 i) |

Note that the (n + 1)-th state variable Z(¢) is a fictitious variable that is not taken account in the compu-
tation of the cost function. This implies that Assumption 1 should only hold for the original system and
not for the augmented one.

S Master-Slave Algorithm

The proposed master-slave algorithm is structured as follows:
Algorithm 1.



1. Initialize 7(0) < {m,...,7n} (e.g., 7x are randomly or uniformly distributed), k =
1, I(0) = {-1,...,—1}; Let ¢ >0 a given tolerance;

2. Solve the master problem I(k) <+ fy(T(k—1));

3. If |F(T(k—1),I(k)) —F(T(k—1),I(k—1))| <e set T(k)« T(k—1) and go to 7.
4. Solve the slave problem T (k) + fs(I(k));

5. k< k+1;

6. Go to 2.;

7

. Set {m1,....,7n} < T(k), {i1,... iny1} < I(k);

%i‘o%)r(l)%ition 1 ([3]). Algorithm I stops after a finite number of steps Nsiop.

Definition 1. The optimal control problem (2) is said switch-degenerate if there exist a sequence T and
I # Iy such that F (I, T) = F(I2, T).

Definition 2. The optimal control problem (2) is said time-degenerate if there exist a sequence I and

T # T2 such that F(1,7T1) = F(I,T3).

The following Proposition 2 proves that Algorithm 1 cannot cycle over the same switching sequences,
and I(k) # I(j) forall j # k, j,k € {1,..., Ngtop — 1}:

Proposition 2. Let ¢ = 0 and assume problem (2) is not switch-degenerate. Let step 3. be modified as
follows

37. 1f I(k)=I(k—1) go to 7.;
Then Algorithm 1 stops after a finite number of steps Neop.

Proof. See [3].

We remark that although Algorithm 1 converges to a solution (1, 7") after a finite number Nyop, of steps,
such a solution may not be the optimal one, as it may be a local minimum where both the master and the
slave problems do not give any further improvement. Note that the global solution can be computed by
enumeration by solving a slave problem for all possible sV switching sequences 1.

Algorithm 1 computes the optimal switching policy for a given initial state. On the other hand, for small
enough perturbations of the initial state such that the optimal switching sequence does not change, the
optimal time-switching policy is immediately available as a by-product of the slave algorithm, because
of its state-feedback nature.

We finally remark that Algorithm 1 may be formulated by optimizing with respect to 7 first, for a given
initialization of the switching sequence /. The advantage of switching between the master and slave
procedures depends on the information available a priori about the optimal solution. For instance when
the algorithm is solved repeatedly for subsequent values of the state vector (such as in a receding horizon
scheme), it may be useful to use the previous switching sequence as a warm start and optimize with
respect to 7 first.

5.1 Degeneracies

We remark the following about degeneracies:



sep] | u | u | v [ifie]is]i] FET) |

1 | M[0290/0498|0.672|1|3|3|3| 144619
1 | S]/0280/0.290/0.300|1|3|3|3| 144615
2 |M|0.280[0.290|0.300|1|2|3|3]| 144459
2 1 S$/0180/0.240/0.240|1|2|3| 3| 144026
3 [M|0180]0.240]0.240|1|2|3|3] 144026

Table 1: Detailed results of Example 1.

1. Time-degeneracy: ¢;, = i;_1 implies that the switching instant 73 is undetermined (multiple solu-
tions for T)

2. Switch-degeneracy: 7, = 7,1 implies that the switching index 7j is undetermined (multiple
solutions for 1)

We will show in the next section how degeneracy can be handled.

6 Numerical Examples

Example 1

Let us consider a second order linear system whose dynamics may be chosen within a finite set { A1, Ao, As}.
In particular, we assume Ay = [ 75179 ~LAl4] 4, = [ OS5 =3082] 0 Ay — [—2414 —1A4T We as-
sociate to each dynamics a weight matrix: Q1 = diag{1, 1}, Q2 = diag{8, 2}, Q3 =[5 %?]. We also
assume that only three switches are possible, thus N = 3 and the control variable i(¢) may only take

values from the finite set of integers S = {1, 2, 3}. Let the initial state vector be o = [1].

We apply the master—slave algorithm to determine the optimal index sequence. The initial timing se-
quence is 7o = {0.290,0.498,0.672} (randomly generated).

The master—slave algorithm finds out that the optimizing index sequence is I* = {1,2,3,3} and the
optimal cost value is V3" = 1.44026. Note that in this case only two switches are required to get the
optimal cost value.

Detailed intermediate results are reported in Table 1, where we may also observe that the procedure
converges after only 3 steps. This also implies that the most burdensome part of the algorithm, i.e., the
slave problem, was only solved twice.

The correctness of the solution has been validated through an exhaustive inspection of all admissible
index sequences. More precisely, for each admissible index sequence we have computed the optimizing
timing sequence and the corresponding cost value through the slave algorithm. In such a way we verified
that V3" = 1.44026 is indeed a global minimum. Obviously, being only two the switches required to
optimize the cost value, the minimum cost may also be obtained by using other index sequences. As an
example, if we consider I = {3,1,2,3} and 7 = {0, 0.180, 0.240}, this solution is optimal as well.

In Figure 1 we have reported the switching regions C;3, j = 1,2, 3, when the index sequence is the
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Figure 1: The switching regions for the system in Example 1 when the initial state is 29 = [1 1]’ and the

index sequence is the optimal one: (a) C1 3, (b) C2.3, (c) C3 3. (d) The system evolution from the initial
state zg = [1 1]



sep| | u | & | T ia]i2]isfia] FLT) |

1 |M[0.001]/0.005/0.0102|2]|2]|3| 5.63017
1 | S|[0.000]0.000/0.0092|2]|2]|3| 5.63017
2 |M|0.0000.000]0009|1]|1|2|3]| 563017
2 | S$/0.000/0.089]0143|1]1|2|3| 142998
3 |M|0.000/0.089]0143|1]1|2|3]| 1.42998

Table 2: Detailed results of Example 2 when the master-slave algorithm is applied in its original form.

optimal one. The blue (darker) region represents the set of states where the system still evolves with the
same dynamics, while the red (lighter) region represents the set of states where the system switches to
the next dynamics. Clearly, in C3 3 we have no partitioning because it corresponds to a non—effective
switch, being (3) = i(4) = 3.

Finally, in the bottom right of Figure 1 we show the system evolution from the chosen initial state
o = [1 1]’.

On the basis of several random tests we performed, we observed that the convergence of the algorithm
to a global minimum is heavily influenced by two factors. Firstly, the initial switching times sequence
should be such that 7, > 7_1: in fact, if 7, = 7,41 for some k, only a suboptimal solution — that
corresponds to a minor number of switches — is usually computed. Secondly, the first switching time
should not be greater than two or three times the maximum time constant associated to each dynamics:
if this is not the case, only degenerate solutions with no switch are usually found.

Example 2

We present here an heuristics that in many cases improves the performance of the algorithm. Let us
consider a second order linear system whose dynamics may be chosen within a finite set {A;, A2, As}.
In particular, we assume: Ay = [ 0, 710], Ay = [} 7100], A3 = [0 0 ] and f1 = fo = f3=0.
Note that A; and As are unstable matrices while As is strictly Hurwitz, thus Assumption 1 is verified.
We associate the same weighting matrix to each dynamics: Q1 = Q2 = Q3 = [} {]. We also assume
that N = 3 and the control variable i(¢) may only take values from the finite set of integers S = {1, 2, 3}.
The initial state vector is zg = [1].

We take as initial timing sequence 7o = {0.001,0.005,0.010} and apply the master-slave algorithm to
determine the optimal index sequence. The provided solution is I = {1, 1,2, 3} and the corresponding
performance index is V3 = 1.42998. Detailed results are reported in Table 2. Nevertheless, this solution
is not optimal and this may be easily verified through an exhaustive inspection of all admissible switching
sequences.

A careful examination of the solution suggests the presence of time-degeneracy, being I = {1,1,2,3} a
switching sequence that corresponds to only two switches. Thus, when it is used by the slave algorithm,
it may only compute a suboptimal solution.

A simple heuristic solution to this problem — that is effective in this case, as well as in many other
numerical examples we have examined — consists of modifying the switching sequence computed via
the master algorithm that corresponds to a number of switches that is less that /V before running the slave



sep| | u | & | T ia]i2]isfia] FLT) |

1 |M[0.001]/0.005/0.0102|2]|2]|3| 5.63017
1 | S|[0000]/0.089/0143|3|1|2|3| 142998
2 |M|0.000/0.089]0143|1]1|2|3]| 142998
2 | S$/0.009|0.062|0116|2|1|2|3| 0.12569
3 |M|0.009/0.062]0116|2|1|2|3]| 0.12569

Table 3: Detailed results of Example 2 when the master-slave algorithm is applied in its modified form.

algorithm. In particular, we suggest to arbitrarily change the index sequence so that the original sequence
is still contained in the new one but two consecutive indices should never be the same.

Using such an heuristics, the results of the master—slave algorithm we obtain the results reported in
Table 3. In particular, we observe that at the first step of the whole procedure, the slave algorithm does
not examine the switching sequence firstly computed by the master algorithm, but computes the optimal
timing sequence corresponding to a new sequence I = {3,1,2,3}, that has been randomly generated
by arbitrarily modifying the first index so as to avoid time-degeneracy. At this step, the value of the
performance index decreases but the optimum is not computed yet. The same reasoning is repeated at
the third step and in this case the optimal value of the cost is found and the procedure stops. The results
of an exhaustive search show that the computed solution is optimal thus revealing the effectiveness of
the modified procedure.

Although this heuristics is not always effective, it often improves the performance of the algorithm while
it may never make it worse. Its only drawback is that, to avoid cycling, it is necessary to add a stopping
condition that detects loops.

Finally, in Figure 2 we have reported the switching regions C; 3, j = 1, 2, 3, when the switching sequence
is the optimal one. The color notation is the same as in the previous example. In the bottom right of
Figure 2 we showed the system evolution from the chosen initial state zo = [1].

7 Conclusions and Possible Extensions

In this paper we have proposed a master-slave algorithm for solving infinite-horizon linear quadratic opti-
mal control problems for autonomous continuous-time switched affine systems, where both the switching
instants and the sequence of operating modes must be determined.

An easy way of extending the approach described in this paper to non-autonomous switched linear sys-
tems &(t) = A;x(t) + Byu(t) is to set u(t) = K;x(t), where K is the LQR gain. Clearly, this would
provide only a suboptimal solution to the original LQR problem for the switched linear system. The idea
can be also extended similarly to non-autonomous switched affine systems.

The algorithm can be also easily extended to the case where the switching is not arbitrary, but is driven
by a finite-state machine excited by exogenous discrete inputs. In this case, the reachable set of the
automaton due to the discrete inputs and initial discrete state can be easily embedded in the MIQP master
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Figure 2: The switching regions for the system in Example 2 when the initial state is zo = [1 1]’ and the
index sequence is the optimal one: (a) C; 3, (b) C2,3, (¢) C3 3. (d) The system evolution for zg = [1 1]’.



problem to restrict the set of possible switching sequences.
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