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Abstract

Thepaperdealswith theoptimalcontrolof switchedpiece-
wise linear autonomoussystems,wherethe objective is to
minimizeaperformanceindex overaninfinite timehorizon.
We assumethat theswitchingsequencehasa finite length:
the unknown switching times and the switching sequence
aretheoptimizationparameters.Wealsoassumethatacost
maybeassociatedto eachswitch.

Theoptimalcontrolfor this classof systemstakestheform
of a statefeedback,i.e., it is possibleto identify a set of
regionsof thestatespacesuchthatanoptimalswitchshould
occurif andonly if thepresentstatebelongsto oneof them.
We show how the tablescontainingtheseregions can be
computedoff-line throughanumericalprocedure.

1 Introduction

Switched systemsare a particular class of hybrid sys-
tems that switch betweenmany operatingmodes,where
eachmodeis governedby its own characteristicdynami-
cal law [6]. Typically, modetransitionsare triggeredby
variablescrossingspecificthresholds(stateevents),by the
elapseof certain time periods(time events),or by exter-
nal inputs(input events). The problemof determiningop-
timal control laws for this classof hybrid systemshasbeen
widely investigatedin the last yearsandmany resultscan
befoundin thecontrolandcomputerscienceliterature.For
continuous-timehybrid systems,most of the literature is
focusedon the study of necessaryconditionsfor a trajec-
tory to be optimal [11, 14], andon the computationof op-
timal/suboptimalsolutionsby meansof dynamicprogram-
ming or the maximumprinciple [4, 5, 10, 12, 13, 15]. For
determiningtheoptimalfeedbackcontrollaw someof these
techniquesrequire the discretizationof the statespacein
orderto solve thecorrespondingHamilton-Jacobi-Bellman
equations. In [9] the authorsuse a hierarchicaldecom-
positionapproachto breakdown the overall probleminto
smallerones.In sodoing,discretizationis not involvedand
the main computationalcomplexity arisesfrom a higher-
level nonlinearprogrammingproblem.

In the continuous-timecase,andin particularfor switched
linear systemscomposedby stableautonomousdynamics,
by assumingthat the switching sequenceis pre-assigned

(and, therefore,that the only decisionvariablesto be op-
timized are the switching instants), in [7, 8] we proved
an importantresult,namelythat the control law is a state-
feedbackand thereexists a numericallyviable procedure
to computethe switching tables � � � � showing the points
of the statespacewherethe � -th switch of a sequenceof
length � should occur. A similar state-feedbackresult
wasalsoproved in [1] for optimal control problemsbased
on discrete-timehybrid modelsand linear cost functions,
which leadsto piecewiseaffineoptimalcontrollaws.

In [2, 3] we generalizedtheoptimizationproblemof [7, 8]
by taking both the switching instantsand the switching
sequenceas decisionvariables. The procedurewe used
to solve the generalizedproblem exploits a synergy of
discrete-timeandcontinuous-timetechniques,by alternat-
ing betweena “master” procedurethat finds an optimal
switchingsequenceanda “slave” procedurethat finds the
optimalswitchinginstantsstill usingtheapproachdescribed
in [7, 8].

In this paperwe presenta differentsolutionto thegeneral-
izedoptimizationproblemthatis still basedontheconstruc-
tion of switchingtables.Usinga simpleprocedureinspired
by dynamicprogramming,we show how it is possibileto
avoid the exponentialgrowth of the computationalcostas
thelengthof theswitchingsequenceis increased.

To motivate the interest for pursuing two different ap-
proachesto solveessentiallythesameproblem,wecompare
theprocedurepresentedin this paperwith themaster-slave
algorithmin [2, 3]. More detailsaboutthe computational
complexity of bothprocedureswill begivenin Section4.

Theprocedurepresentedin this paperis basedon the gen-
erationof a setof “switching tables”andhasthefollowing
properties:� is guaranteedto find theoptimalsolution;� hasacomputationalcostof theorder 	�
 �
� � � , where� is thelengthof theswitchingsequenceand � is the

numberof possibleoperatingmodes(or dynamics);� providesa “global” closed-loopsolution,i.e., the ta-
blesmaybeusedto determinetheoptimalstatefeed-
backlaw for all initial states.

On the other hand, the master-slave algorithm presented
in [2, 3]:� is not guaranteedto convergeto aglobaloptimum;



� hasa computationalcostof theorder ��� ���
� , where� is the lengthof the switching sequenceand � is
usuallyverysmall( ��� );� provides a “local” closed-loopsolution, i.e., a by-
productof theslave procedureconsistsof tablesthat
maybeusedto determinetheoptimalstatefeedback
law which,however, is only valid for smallperturba-
tion aroundagiveninitial state.

This brief analysisshows that thetwo procedureshave dif-
ferentprosandcons.For this reason,we believe they may
bothbeusefuldependingon theapplication.

As a final remark,we alsomentionthat the approachpre-
sentedin this paperallows oneto alsotake into accounta
fixedcostassociatedto eachswitchasin [7].

2 Optimal Control Problem

In this paperwe considerthefollowing classof hybrid sys-
tems �� � � ���! #" $ % & � � � � ')( � � �+*-, (1)

that we denoteas switched linear systems, where � � � �.*/10
, ( � � �#*2, is thecontrolvariable,and ,!354 6 ' 7 ' 8 8 89' : ;

is a finite setof integers,eachoneassociatedwith a linear
dynamics.

Assumethata positive semi-definiteweightmatrix < " , (+*, , is associatedto eachdynamicsanda cost = " > ? is associ-
atedto a switch from mode ( to mode @ . For sucha class
of hybrid systemswe want to solve the following optimal
controlproblemA�BC 3ED�F GH > I 4 J�� K ' LM�3ONQPR �9S � � � < " $ % & � � � � T ��UEV CW X�Y[Z W � \ W � ]^ 8 _ 8 �� � � ���! " $ % & � � � �� � ` ��� � R( � � �Q�E( W for \ W a�Y ����b�\ W( W *-,#'1c��56 ' 8 8 8[' �OU!6\ R �E` '�\ C+d Y �eUMf\ W * /Qg Rih c��56 ' 8 8 8[' �Z W � \ W ���!= " j > " j k l if \ W b!Uif!'Z W � \ W ���!` if \ W �eUif!8

(2)

In this problemthe initial state � R of the systemis given,
while thecontrol variablesare Lm3O4 \ Y ' 8 8 8[' \ C ; , a finite
sequenceof switchingtimes, Kn3O4 ( Y ' 8 8 8[' ( C�d Y ; , a finite
sequenceof switchingindices,and � is the maximumal-
lowed numberof switches(fixed a priori). The cost con-
sistsof two components:a quadraticcost that dependson
thetime evolution (the integral) anda costthatdependson
the switches(the sum). Note that \ W boUif meansthat
the c[p th switchoccursaftera finite amountof time, while\ W �eUif meansthatthe c[p th doesnot occur: in thelatter
case

Z W � \ W �Q�!` thusits costis not considered.

We denoteby ( B � � � , �-*5q ` ' UMf.� , ( B � � ���O( BW for \ BW a�Y ��ibE\ BW theswitchingtrajectorysolving(2), and K B , L B the
correspondingoptimalsequences.

In orderto make theproblemsolvablewith finite cost
A BC ,

weassumethefollowing:

Assumption 1 There exists at least one index (�*E, such
that  " is strictly Hurwitz.

The optimal control problem may be easily generalized.
Onemay assumethat whenever at time \ W a switch from( W to ( W d Y occurs, the stateshould jump from � � \ aW � to� � \ dW �#�5r W � � \ aW � asin [8]. Affine dynamicsof theform�� � � ���E #" $ % & � � � � U-s " $ % & havealsobeenstudiedin [3]. How-
ever, to avoid heavy notationin this paperwe only restrict
to thebasicframework (2).

Let usdefinet W �E\ W p
\ W a�Y . Theoptimalcontrolproblem
(2) mayalsoberewrittenas:D�F GH > Ivu C�d YwW X1Y � SW a�YQx< " j � t W � � W a�Y U CwW X�Y Z W � \ W � y^ 8 _ 8 � W � x " j � t W � � W a�Y '�c-�56 ' 8 8 8[' �OUE6� R � � � ` � (3)

where x " � t W �Q3!z {[| } j ' (4)

and
x< " � t W � canbeobtainedby simpleintegrationandlinear

algebra.In [8] we showed that when  " is asymptotically
stableit is possibleto write

x< " � t W �Q�e~ " p x S" � t W � ~ " x " � t W � ,
where ~ " is the uniquesolutionof the Lyapunov equation S" ~ " UE~ "  " �ep#< " .
Sincewe arenot makingany assumptionshereon  " we
mayresortto directintegrationasin [3]. Indeed,if for sim-
plicity weassumethat  " isdiagonalizable, " �E� a�Y")� " � " ,� " �!�#F � � 4 � Y" ' 8 8 8�' � 0" ; , we obtainNQ� j� j � l �9S � � � < " j � � � � T ���� SW a�Y � S" j-�[� � j� j � l z � | j % � � a�Y" j � S < " j � a�Y" j z � | j % T � �.� " j� � � ��� | j $ } j &

� W a�Y
Thecaseof  " not diagonalizableis similar.

3 State-Feedback Control Law

In this sectionwe show that the optimal control law for
theoptimizationproblemdescribedin theprevioussection
takestheform of a state-feedback,i.e., it is only necessary
to look at thecurrentsystemstate� in orderto to determine
if a switchfrom  " j to  " j k l shouldoccur.

In particular, for a givenmode(�*-, andfor a givenswitchc!*�6 ' 8 8 8[' � it is possibleto constructa table � "W > C that
collects a partition of the statespace
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�2� � �2� � � � �[� �-�
. Whenever � �.�m� we usetable �[�� � � to

determineif a switch shouldoccur: as soonas the state
reachesapoint in theregion

�� 
(with ¡2¢�E� ) wewill switch

to mode � � £ � �O¡ , while no switch will occurwhile the
system’sstatebelongto

� � .
This is an importantresult becauseit is well known that
a state-feedbackcontrol law hasmany advantagesover an
open-loopcontrol law, includingthefact that thecomputa-
tion of the control law canbe doneoff line asopposedto
beingperformedon line.

To prove this result,we show constructively how thetables���� � � canbecomputedusingadynamicprogrammingargu-
ment. We first show how the tables������ � ( �M¤�¥ ) for the
last switch canbe determined.Then,we show by induc-
tion how the tables�[�� � � canbe computedoncethe tables���� £ � � � areknown.

3.1 Computation of the Tables for the Last Switch
Let us assumethat � �)�O� , i.e., after ¦o§e¨ switchesthe
currentsystemdynamicsis thatcorrespondingto matrix © � ,
andthecurrentstatevectoris ª with « « ª « « �5¨ . Weshow how
to computethetable �[���� � .

The optimal remainingcoststartingfrom ª will consistof
two terms:a termdueto thetime-drivenevolution,plus(if
the ¦.§ th switchoccursand � ��£ � �e¡ ) theswitchingcost¬ � �   .­ Let usfirst considerthe casein which no switchoc-

curs. Theremainingcoststartingfrom ª is only due
to thetime-drivenevolutionandis®M¯��° ª � � ±��Eª ² ³´ � ° µi¶ ± ª � (5)­ If thesystemevolveswith dynamics© � for a time ·
andthena switch to ©   (¡E¢��� ) occurs,the remain-
ing coststartingfrom ª only dueto the time-driven
evolution (disregardingtheswitchingcost)is® � ° ª � · � ¡ ±Q�Eª ² ³´ � ° · ± ª µ ª ² ³©#²� ° · ± ³´   ° µi¶ ± ³© � ° · ± ª �(6)

Let usdenote· � � µM¶ , while for ¡2¢�E� wedenote·   �!¸ ¹ ºQ»�¼ ½¾ ® � ° ª � · � ¡ ± � (7)

the value of · that minimizes (6) while the corre-
spondingminimumis®i¯�1° ª � ¡ ±�� ® � ° ª � ·   � ¡ ± � (8)

Let us now considerany othervector ¿ suchthat ¿E�OÀ ª ,
with À
¤2Á . We cancomputefor this new vectortheequiv-
alentof (5) and(6), i.e.,®M¯� ° ¿ � � ±���¿[² ³´ � ° µM¶ ± ¿
�!À � ®M¯� ° ª � � ± (9)

andfor ¡2¢�E� ® � ° ¿ � · � ¡ ±��!À � ® � ° ª � · � ¡ ± � (10)

Equation(10) is minimizedby thesamevalue ·-�O·   that
minimizes(6) andits minimalvalueis®M¯��° ¿ � ¡ ±��!À � ®M¯�1° ª � ¡ ± � (11)

We discussseparatelytwo cases.

1. If all switchingcostsarenull, theoptimal remaining
coststartingfrom ¿ andallowing at mostoneswitch
is Â ¯� � � ° ¿9±��E»�¼ ½  Ã Ä�Å ®M¯��° ¿ � ¡ ± Æi�!À � »�¼ ½  Ã Ä�Å ®M¯��° ª � ¡ ± Æ �

(12)

while thevalueof ¡ thatminimizesthepreviousequa-
tion is denoted¡ ¯ ° ª ± . Thustheoptimal switch from
mode� to mode¡ shouldoccuraftera delayÇ ¯� � � ° ¿9±�� Ç ¯� � � ° ª ±��e·   È É Ê Ë (13)

thatfor ¿
�EÀ ª is a functionof ª but not of À .
We can say that a vector ¿Ì�ÍÀ ª belongsto

�� 
(¡e¢�m� ) if andonly if ¡��O¡ ¯ ° ª ± and

Ç ¯� � � ° ª ±��)Î ,becausein this casethe optimal remainingcostcan
beobtainedswitchingassoonaswe reach¿ with no
delay. Finally,

� � �!Á1Ï#Ð9Ñ   ÒÓ � ��  . SincethevalueofÇ ¯� � � ° À ª ± in this casedoesnot dependon À , it imme-
diately follows that theseregionsarehomogeneous1,
i.e., if ¿5¤ ��  then À ¿5¤ ��  , for all real numbersÀ . This propertymay be exploited in the construc-
tion of thetablesinceit is only necessaryto compute
Â ¯� � � ° ª ± and

Ç ¯� � � ° ª ± for all vectorsª that belongto
theunitarysemi-sphere.

2. Assumethat not all
¬ � �   (this is the costof switch-

ing from mode� to mode¡ ) arenull andlet usdefine¬ � � � �!Î . Takingalsointoaccounttheswitchingcost,
theoptimalremainingcoststartingfrom ¿ andallow-
ing at mostoneswitchisÂ ¯� � � ° ¿[±���»�¼ ½  Ã Ä Å ® ¯��° ¿ � ¡ ± µ ¬ � �   Æ � (14)

while thevalueof ¡ thatminimizethepreviousequa-
tion is denoted¡ ¯ ° ¿9± . Thustheoptimalswitchshould
occuraftera delayÇ ¯� � � ° ¿9±��e·   È É Ô Ë � (15)

We cansaythata vector ¿
�eÀ ª belongsto
�� 

(¡
¢�� ) if andonly if ¡2�!¡ ¯ ° ¿9± and
Ç ¯� � � ° ¿9±i��Î . Finally,� � �OÁ Ï Ð#Ñ   ÒÓ � ��  . In this caseit is not sufficient

to compute

Â ¯� � � ° ª ± and
Ç ¯� � � ° ª ± for all vectorsª that

belongto the unitary semi-spherebut we also have
to take into accountthe norm À of a vector ¿!�OÀ ª
(at leastfor smallvaluesof À : for À largeenoughthe
effectof theswitchingcostbecomesnegligible).

1A termalsousedto definethespecialform of theseregionsis conic.



Notethatin orderto computetheswitchingregions Õ�Ö and
to determinethe optimal remainingcost ×�ØÙ Ú Û�Ü Ý[Þ , we only
needto computethevaluesß Ù Ü à Þ with á#âEã one-parameter
optimization(seeequations(6) and(7)) for all ä ontheuni-
tarysemi-sphere.Thecorrespondingvaluesof åiØÙ1Ü ä[æ ç Þ andåMØÙ�Ü ä[æ à Þ can be obtainedapplying equations(5) and (8),
while to determineif a vector Ýeèmé ä belongsto Õ�Ö and
to computethe correspondingoptimal remainingcost we
only needto applyequations(14)and(15).

3.2 Computation of the Tables for the Intermediate
Switches
We now generalizethepreviousapproachto determinethe
tablesê Ùë Ú Û , for ì è ã æ í í í[æ îmâEã .
Assumethat:ï we have alreadycomputedthe tablesê Öë ð�ñ Ú Û for allà�ò-ó ;ï for eachvector Ý andeachmodeà-ò
ó we know the

optimalcost ×�ØÖ Ú ë ð1ñ Ü Ý[Þ for theremainingtime-driven
evolution that startsfrom Ý with dynamics ô+Ö and
allows îmâ.ì moreswitches.

Thenwith thesameargumentof theprevioussubsectionwe
canwrite that× ØÙ Ú ë Ü Ý[Þ�èEõ�ö ÷Ö ø ù�ú å ØÙ Ü Ý æ à Þ1û.ü Ù Ú Ö ý æ (16)

whereåiØÙ1Ü Ý æ ç Þ�èEÝ9þ ÿ� Ù Ü û���Þ Ý andfor ç��è�àå ØÙ�Ü Ý æ à Þ�è�õ�ö ÷��� Ý þ ÿ� Ù Ü ß Þ Ý�û × ØÙ Ú ë ð1ñ Ü�ÿô Ù Ü ß Þ Ý9Þ	� æ
andcomputethenew table ê Ùë Ú Û , aswe did before.

3.3 Computation of the Table for the Initial Mode
Onceall tablesare constructedoff-line, we can usethem
on-lineto decideif a switchshouldoccur.

To decidetheoptimalinitial modeç ñ wemayusetheknowl-
edgeof the cost ×�ØÙ Ú ñ Ü Ý[Þ that is evaluatedduring the con-
structionof thetableê Ùñ Ú Û . Thuswedefineanew tableê 
 Ú Û
that shows a partition of the statespace�
� into á regionsÕ ñ æ Õ�� æ í í í[æ Õ�� .
Eachregion in this tableis definedasfollows:Õ Ù è ú Ý�� Ü � à�ò-ó�Þ × ØÙ Ú ñ Ü Ý[Þ	� × ØÖ Ú ñ Ü Ý9Þ ý
i.e., if theinitial statebelongsto region Õ Ù we mustchooseç ñ è ç to minimizethetotal cost.

4 Computational complexity

We discusshere the computationalcomplexity involved
in the constructionof the tables following the approach
sketchedin theprevioussection.

Let � bethecomputationalcomplexity to computeonetable
usingthealgorithmgivenin [8, 7]. This algorithmassumes
thattheswitchingsequenceis pre-assigned.Hencethereex-
ist just onetable ê ë Ú Û associatedto the ì -th switchandthis

tablecontainsonly two regions: Õ Ù � � � , i.e., thesetof state
vectorswherewe continueusingmodeç ë ��ñ , and Õ Ù � , i.e.,
thesetof statevectorswherewe switchto mode ç ë . These
regionscanbe determinedby solving a one-parameterop-
timization problemfor eachvector Ý on the unitary semi-
sphere.

Thusthecomplexity of solvingtheoptimalcontrolproblem
for a pre-assignedsequenceof length î is � ñ Ü î Þ�è î�� ,
becausefor eachswitcha new tablemustbedetermined.

This result may be usedto solve by brute force an opti-
mal controlproblemof theform (2), wherethesequenceis
not pre-assigned:we have to considerall possiblewordsof
length î composedby symbolstakenfrom analphabetof
cardinality á : thecomplexity becomes� þñ Ü î
æ á ÞQè î
á Û � .
Usingthealgorithmgivenin theprevioussection,for each
switchit is necessaryto computeá tables.Furthermorethe
costof computingeachtableis not � but Ü áMâeã Þ � : in fact
eachtablecontainsá regionsthatcanbedeterminedsolvingá âMã one-parameteroptimizationproblemsfor eachvectorÝ
on theunitarysemi-sphere.Thusthecomplexity of solving
theoptimalcontrolproblem(2) for a sequenceof length î
is � � Ü î
æ á Þ+è î
á Ü áiâEã Þ � . In this casethecomplexity is a
quadraticfunctionof thenumberof possibledynamics.

Let us finally discussthe computationalcomplexity of the
master-slave algorithm presentedin [3] where a not pre-
assignedsequenceof length î was still considered. In
that case,if we ignorethe complexity of solving the mas-
ter problem (that is always solved much faster than the
slaveproblem)wecanwrite thatits complexity is � � Ü î Þ�è� � ñ Ü î ÞQè � î�� where� is asmallnumberthatdenotesthe
numberof stepsrequiredto converge(usuallythis number
is rathersmall,e.g., � � � ).
¿Fromall theseconsiderations,onemayconcludethatfrom
a computationallypoint of view themaster-slave algorithm
offersthebestperformance.Notehowever, thatthemaster-
slave algorithmsolvesthecontrolproblemonly for a given
initial stateÝ�Ü ! Þ , while the constructionof the tablesasin
the algorithmgiven in the previoussection,oncedone,al-
lows one to solve the problemfor any valueof the initial
state.

5 Numerical simulations

Let us considera secondorder linear systemwith á è#" .
i.e.,thesystemsdynamicsmayonly bechosenwithin thesetú ô ñ æ ô�� æ ô�� ý . In particular, we assumeô ñ è%$ ñ&��ñ 
ñ 
 
 ñ(' ,ô�� è $ ñ���ñ 
 
ñ 
 ñ)' , and ô�� è $ � 
 * ñ 

 � 
 * ñ ' . Notethat ô ñ andô�� areunstablematriceswhile ô�� is strictly Hurwitz, thus
Assumption1 is verified. We associatethesameweighting
matrix to eachdynamics.In particular, wetake

� ñ è � � è� � è,+ ñ 

 ñ - . We alsoassumethatonly î è." switchesare
possible. Finally, we associatea null cost to eachswitch,
i.e.,we take ü Ù Ú Ö è ! for all ç æ à�è ã æ / / /[æ á .
Wefirst executetheoff-line partof theprocedure,consisting
in theconstructionof the î)02á è(1 tablesê Ùë Ú Û , for ì[æ ç èã æ 2 æ " . Resultsarereportedin Figure1 wherethefollowing
color notationhasbeenused:Redcolor (mediumgray) is
usedto denoteregion Õ ñ , i.e., the setof stateswherethe
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Figure 1: The set of tables for the numerical example where 3#4(5 and 674.8 9 : ; : 5 < .
systemeitherswitchesto =�> if the currentvariableof the
control variableis ? @ A B�C4D9 , or no switch occur if ? @ A B�49 ; light blue (light gray) denotesregion E�F , anddarkblue
(darkgray)is usedto denoteE�G .
As anexample,by looking at H >F I G we know that,if thefirst
dynamicsis =�> , thenthesystemmayeitherswitchto =�F or
still evolve with the samedynamics=�> : on the contrarya
switchto dynamics=�G mayneveroccur.

In Figure2 we have reportedtable H J I G thatshows thepar-
tition of the statespaceintroducedin subsection3.3. The
samecolor notationhasbeenused.In particular, this table
enablesus to concludethat the global optimummay only
bereachedwhentheinitial systemdynamicsis either =�> or=�F . On thecontrary, whenever the initial systemdynamics
is =�G , we mayonly reacha suboptimalvalueof theperfor-
manceindex.

Now, let us presentthe resultsof somenumericalsimu-
lation. Let us assumethat the initial stateis KLJ.4NM >> O .
We computethe optimal index sequencefor all admissi-
ble initial systemdynamics,i.e., we assume? >�4D9 : ; : 5 ,
respectively. The resultsof numericalsimulationsare re-
portedin Figure 3 whereswitchesare highlightedtrough
a small black square. More detailedresultsmay be read
in Table 1 wherewe have reportedthe optimal index se-
quence,theoptimaltiming sequenceandthecorresponding

? > ? F ? G ? P Q > Q F Q G RLG9 ; 9 5 S T S S S S T S S U S T S V S S T V V U; 9 ; 5 S T S S U S T S V ; S T 9 9 V S T 9 ; V5 ; 9 5 S T S S S S T S S U S T S V S S T V V U
Table 1: Detailed results of the numerical example when the ini-

tial state is W XZY([ \�\ ] ^ .

costvalue for the different initial dynamics. We may ob-
serve that the bestsolutionmay only be reachedwhenthe
initial systemdynamicis thesecondone.In theothercases
only a suboptimalvalueof thecostmaybeobtained.Note
that theseresultsare in accordancewith thoseof figure 2
being K J`_�E�> .
Thecorrectnessof the solutionhasbeenvalidatedthrough
anexhaustive inspectionof all admissibleindex sequences.
Moreprecisely, for eachadmissibleindex sequencewehave
computedthe optimizing timing sequenceand the corre-
spondingcostvalue. In sucha way we have verified thatR`aG 4bS T 9 ; V is indeedthe global optimum. Numericalre-
sultshavealsobeencomparedwith thoseobtainedusingthe
master-slaveprocedure[2, 3], thatin theactualcaserequires
anauxiliaryheuristicto gettheoptimalsolution.
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Figure 2: Table c d e f .
6 Conclusions

We have considereda specialclassof switchedsystems
wheretheswitchingsequenceis finite andeachsubsystem
is autonomous.

We showed that theoptimal control for this classtakesthe
form of a statefeedback,i.e., it is possibleto identify a set
of regions of the statespacesuchthat an optimal switch
shouldoccurif andonly if thepresentstatebelongsto this
region. This setof regionscanbecomputedvia anoff-line
numericalprocedure.
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