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Abstract

The paperdealswith the optimalcontrol of switchedpiece-
wise linear autonomousystemswherethe objectie is to
minimizeaperformanceéndex overaninfinite time horizon.
We assumehatthe switchingsequencéasa finite length:
the unknawn switching times and the switching sequence
aretheoptimizationparametersWe alsoassumehata cost
may be associatedo eachswitch.

Theoptimalcontrolfor this classof systemdakesthe form
of a statefeedbackii.e., it is possibleto identify a set of
regionsof thestatespacesuchthatanoptimalswitchshould
occurif andonly if thepresenstatebelongso oneof them.
We shav how the tablescontainingtheseregions can be
computedff-line throughanumericalprocedure.

1 Introduction

Switched systemsare a particular class of hybrid sys-
tems that switch betweenmary operatingmodes,where
eachmodeis governedby its own characteristiadynami-
cal law [6]. Typically, modetransitionsare triggeredby
variablescrossingspecificthresholdgstateevents),by the
elapseof certaintime periods(time events), or by exter-
nal inputs (input events). The problemof determiningop-
timal controllaws for this classof hybrid systemshasbeen
widely investigatedn the last yearsand mary resultscan
befoundin thecontrolandcomputersciencditerature.For
continuous-timehybrid systems,most of the literatureis
focusedon the study of necessargonditionsfor a trajec-
tory to be optimal [11, 14], andon the computationof op-
timal/suboptimakolutionsby meansof dynamicprogram-
ming or the maximumprinciple[4, 5, 10, 12, 13, 15]. For
determiningheoptimalfeedbackcontrollaw someof these
techniquesequire the discretizationof the statespacein
orderto solve the correspondindiamilton-Jacobi-Bellman
equations. In [9] the authorsuse a hierarchicaldecom-
position approachto breakdown the overall probleminto
smallerones.In sodoing, discretizatioris notinvolvedand
the main computationalcomplexity arisesfrom a higher
level nonlineamprogrammingproblem.

In the continuous-timecase,andin particularfor switched
linear systemscomposedyy stableautonomouslynamics,
by assumingthat the switching sequences pre-assigned
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(and, therefore,that the only decisionvariablesto be op-

timized are the switching instants),in [7, 8] we proved

animportantresult,namelythat the control law is a state-
feedbackand there exists a numerically viable procedure
to computethe switching tablesCy, x shaving the points
of the statespacewherethe k-th switch of a sequencef

length N should occur A similar state-feedbackesult
wasalsoprovedin [1] for optimal control problemsbased
on discrete-timehybrid modelsand linear cost functions,
which leadsto piecavise affine optimalcontrollaws.

In [2, 3] we generalizedhe optimizationproblemof [7, 8]
by taking both the switching instantsand the switching
sequenceas decisionvariables. The procedurewe used
to solve the generalizedproblem exploits a synegy of
discrete-timeand continuous-timeechniquespy alternat-
ing betweena “master” procedurethat finds an optimal
switching sequencenda “slave” procedurethat finds the
optimalswitchinginstantsstill usingtheapproachdescribed
in[7, 8].

In this paperwe presenta differentsolutionto the general-
izedoptimizationproblemthatis still basedntheconstruc-
tion of switchingtables.Usinga simpleprocedurenspired
by dynamicprogrammingwe shav how it is possibileto
avoid the exponentialgrowth of the computationatostas
thelengthof the switchingsequencés increased.

To motivate the interestfor pursuingtwo different ap-
proacheso solve essentiallthe sameproblem we compare
the proceduregpresentedn this paperwith the masterslave
algorithmin [2, 3]. More detailsaboutthe computational
compleity of bothproceduresvill begivenin Section4.
The procedurgpresentedn this paperis basedon the gen-

erationof a setof “switching tables”andhasthefollowing
properties:

¢ is guaranteedo find the optimalsolution;

¢ hasacomputationatostof theorderO(N s?), where
N isthelengthof theswitchingsequencands is the
numberof possibleoperatingnodes(or dynamics);

e providesa“global”’ closed-loopsolution,i.e., theta-
blesmaybeusedto determinethe optimal statefeed-
backlaw for all initial states.

On the other hand, the masterslave algorithm presented
in[2, 3]

¢ isnotguaranteedo corvergeto aglobaloptimum;



¢ hasacomputationatostof theorderO(aN), where
N is the length of the switching sequenceand « is
usuallyvery small(< 5);

e provides a “local” closed-loopsolution, i.e., a by-
productof the slave procedureconsistsof tablesthat
may be usedto determinethe optimal statefeedback
law which, however, is only valid for small perturba-
tion arounda giveninitial state.

This brief analysisshows thatthe two proceduredave dif-
ferentprosandcons. For this reasonwe believe they may
bothbeusefuldependingon theapplication.

As afinal remark,we also mentionthat the approachpre-
sentedin this paperallows oneto alsotake into accounta
fixed costassociatedlo eachswitchasin [7].

2 Optimal Control Problem

In this paperwe considerthe following classof hybrid sys-
tems

£(t) = Aiyz(t), i(H) €S @

that we denoteas switched linear systems, wherez(t) €
R", i(t) € S is thecontrolvariable,andS £ {1,2,...,s}
is afinite setof integers,eachoneassociatedvith a linear
dynamics.

Assumethata positive semi-definiteveightmatrix @;, i €

S, is associatedo eachdynamicsanda costH; ; is associ-
atedto a switch from modei to modej. For sucha class
of hybrid systemswe want to solve the following optimal
controlproblem

Vi 2min {FI,T)
2 57 o (6)Qio o)t + LA, hu(mi) }

s.t. #(t) = Ayz(t)
z(0) = xz9
i) =ipform_1 <t <t
ireS, k=1,... N+1
70 =0, Tnvg1 = +00
T €ERVE=1,... ,N
hk(Tk) = Hik,ik+1 if 7 < 400,
hk(Tk) =0if 7, = +o0.
2

In this problemthe initial statex, of the systemis given,
while the controlvariablesare 7 £ {r,... ,7x}, afinite
sequencef switchingtimes,I £ {i1,... ,inxy1}, afinite
sequencef switchingindices,and N is the maximumal-
lowed numberof switches(fixed a priori). The costcon-
sistsof two componentsa quadraticcostthat dependon
thetime evolution (the integral) anda costthatdependsn
the switches(the sum). Note that 7, < 400 meansthat
the k—th switch occursafter a finite amountof time, while
T, = +0o0 meanghatthe k—th doesnotoccur:in thelatter
casehy (1) = 0 thusits costis notconsidered.
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We denoteby i*(t), t € [0,+00), i*(t) = i} for m;_; <
t < 7 the switchingtrajectorysolving (2), andI*, 7* the
correspondingptimal sequences.

In orderto make the problemsolvablewith finite costVy;,
we assumehe following:

Assumption 1 There exists at least one index ¢ € S such
that A; isstrictly Hurwitz

The optimal control problem may be easily generalized.
One may assumehat whenever at time 7 a switch from
i t0 ix41 Occurs,the stateshouldjump from z(r;, ) to
z(r}) = Mgz(r,) asin [8]. Affine dynamicsof theform
#(t) = Ay x(t) + fir) havealsobeenstudiedn [3]. How-
ever, to avoid heavy notationin this paperwe only restrict
to the basicframework (2).

Letusdefinedy, = 1, — 7x_1. Theoptimalcontrolproblem
(2) mayalsoberewrittenas:

N+1 N
r}1’171_1 { Z 1:;9_1Qik (Or)Tp—1 + Z hi, (Tk)}

k=1 k=1

3)
st. zp = Aik(dk)xk_l, k=1,...,N+1
zo = z(0)
where
A;(6g) £ i, 4)

andQ;(8y) canbeobtainedoy simpleintegrationandlinear
algebra.In [8] we shavedthatwhen A4; is asymptotically
stableit is possibleo write Q; (8x) = Z; — A} (k) Z; Ai(6k),

whereZ; is the uniquesolution of the Lyapunw equation
A;Zi + Z;A; = —Q;.

Sincewe are not making ary assumptiondereon A; we

may resortto directintegrationasin [3]. Indeedf for sim-

plicity weassumehatA4; is diagonalizabled; = T; " A T;,

A; = Diag{\},... , A"}, we obtain

S 2 ()Qiz(t)dt =

Tk—1

Tk
1 1 At —1y/ —1_A;, t 3
zy 1 T3, (/ ek (Tik )QikTik etk dt) Ty, xp—1
Th—1

Qiy, (k)

Thecaseof A; notdiagonalizables similar.

3 State-Feedback Control Law

In this sectionwe shav that the optimal control law for
the optimizationproblemdescribedn the previous section
takesthe form of a state-feedback,e., it is only necessary
to look atthe currentsystemstatex in orderto to determine
if aswitchfrom 4;, to A;,,, shouldoccur

In particulat for agivenmodei € S andfor agivenswitch

k € 1,...,N it is possibleto constructa tablec,i,N that
collects a partition of the statespaceR" into s regions



R1,Rse,... ,Rs. Wheneerip = i we usetabIeC’ kN to
determlnelf a switch should occur: as soon as the state
reaches pointin theregionR; (with 5 # ¢) wewill switch
to modeig+1 = j , while no switch will occurwhile the
systems statebelongto R;.

This is an importantresult becauset is well known that
a state-feedbackontrol law hasmary advantagesover an
open-loopcontrol law, including the factthatthe computa-
tion of the controllaw canbe doneoff line asopposedo
beingperformedonline.

To prove this result,we shov constructvely how thetables
C,’;jN canbe computedisinga dynamicprogrammingargu-
ment. We first shav how thetablesCy, (i € S') for the
last switch can be determined. Then, we shav by induc-
tion how the tablesC},  canbe computedoncethe tables

Cht1,n areknown.

3.1 Computation of the Tablesfor the Last Switch

Let usassumehatiy = i, i.e., after N — 1 switchesthe
currentsystendynamicgs thatcorrespondingo matrix A;,
andthecurrentstatevectoris y with ||y|] = 1. We shav how
to computethetableCl;

The optimal remainingcoststartingfrom y will consistof
two terms: atermdueto thetime-drivenevolution, plus (if
the N —th switchoccursandin; = j) the switchingcost
H@j.
e Let usfirst considerthe casein which no switch oc-
curs. Theremainingcoststartingfrom y is only due
to thetime-drivenevolution andis

T (y, i) = y'Qi(+00)y. (5)

¢ If the systemevolveswith dynamicsA; for atime g
andthenaswitchto A; (j # ¢) occurs,the remain-
ing coststartingfrom y only dueto the time-driven
evolution (disregardingthe switchingcost)is

T;i(y,0,3) = ¥'Qi(0)y +y'Ai(0)Q; (+00) As(0)y.

(6)
Let usdenotep; = +o0, while for j # ¢ we denote
Q5 = arg IIlQiIl Tz(ya Qaj)v (7)

the value of g that minimizes (6) while the corre-
spondingminimumis

Let usnow considerary othervectorz suchthatz = Ay,
with A € R. We cancomputefor this new vectorthe equiv-
alentof (5) and(6), i.e.,

T} (z,i) = 2'Qi(+00)z = N2T} (y,1) 9)
andfor j # 4

T;(z, 0,5) = XT3 (y, 0, 4), (10)

Equation(10) is minimizedby the samevalue g = p; that
minimizes(6) andits minimal valueis

T; (x,5) = XT; (y,4)- (11)
We discussseparatelywo cases.

1. If all switchingcostsarenull, the optimal remaining
coststartingfrom z andallowing at mostoneswitch
is

Fiy(2) = min{T; (2,5)} = A min{T;(y, )},
(12)

while thevalueof j thatminimizesthepreviousequa-
tion is denoted;j*(y). Thusthe optimal switch from
modei to modej shouldoccurafteradelay

n(z) = :N(y) = Qj*(y) (13)
thatfor z = Ay is afunctionof y but notof A.

We can say that a vectorz = Ay belongsto R;
(j # i) if andonly if j = j*(y) andd; (y) = 0,

becausen this casethe optimal remalnmgcost can
be obtainedswitchingassoonaswe reachz with no
delay Finally, R; = R" \ U;;R;. Sincethevalueof

67 n(Ay) in this casedoesnotdependon A, it imme-
diatelyfollows thattheseregionsarehomogeneous
ie.,if z € R; thendz € R;, for all realnumbers
A. This propertymay be exploited in the construc-
tion of thetablesinceit is only necessaryo compute

Fin(y) andd; v (y) for all vectorsy that belongto
the un|tarysem| sphere.

2. Assumethatnot all H; ; (this is the costof switch-
ing from modei to modej) arenull andlet usdefine
H; ; = 0. Takingalsointo accountheswitchingcost,
theoptimalremainingcoststartingfrom z andallow-
ing at mostoneswitchis

Fin(z) = I}gg{Ti*(xaj) +H;;},  (14)
while thevalueof j thatminimizethe previousequa-

tionis denotedi*(z). Thustheoptimalswitchshould
occurafteradelay

PN (Z) = 05+ (a)- (15)

We cansaythatavectorz = Ay belongsto R; (j #
i) if andonlyif j —j (z) andé*l(z) = 0. Finally,
Ri = R" \ U;j»R;. In this caseit is not sufficient
to computer;  (y) and6* ~ () for all vectorsy that
belongto the’ unitary semi- spherebut we alsohave
to take into accountthe norm A of avectorz = Ay
(atleastfor smallvaluesof X: for A largeenoughthe
effect of the switchingcostbecomesegligible).

1A termalsousedto definethe specialform of theseregionsis conic.

3184



Notethatin orderto computethe switchingregionsR; and
to determinethe optimal remainingcost £y (), we only
needto computethe valuesg;(j) with s — 1 one-parameter
optimization(seeequationg6) and(7)) for all y onthe uni-
tary semi-sphereThe correspondingaluesof T (y, ¢) and
T;(y,j) canbe obtainedapplying equations(5) and (8),
while to determineif a vectorz = Ay belongsto R; and
to computethe correspondingoptimal remainingcost we
only needto applyequationg14) and(15).

3.2 Computation of the Tables for the Intermediate
Switches

We now generalizehe previous approactto determinethe
tablesCj y,fork=1,... ,N - 1.

Assumethat:

e we have alreadycomputedthetablesCi'H,N for all
JjES;

¢ for eachvectorz andeachmodej € S we know the
optimalcostF} ., (z) for theremainingtime-driven

evolution that startsfrom z with dynamics4; and
allows N — k moreswitches.

Thenwith thesameargumentof theprevioussubsectiorwe
canwrite that

Fip(e) = min{T; (2, 7) + Hig}, (16)
whereT} (z, i) = 2'Q;(+00)z andfor i # j
T (z, ) = mgin {2'Qi(0)x + Fiyy1 (Ai(0)2) },
andcomputethe new tabIeC,i’N, aswe did before.

3.3 Computation of the Table for the Initial M ode
Onceall tablesare constructedff-line, we canusethem
on-lineto decideif a switchshouldoccur

To decidetheoptimalinitial modei; we mayusetheknowl-
edgeof the cost ', (z) thatis evaluatedduring the con-
structionof thetabIeC{’N. Thuswe defineanew tableCo, n
that shaws a partition of the statespaceR™ into s regions
Ri,Ra,...,Rs.

Eachregionin thistableis definedasfollows:

Ri={z| (Vj € S)F;,(2) < Fj, ()}

i.e.,if theinitial statebelongsto regionR; we mustchoose
i1 = i to minimizethetotal cost.

4 Computational complexity

We discusshere the computationalcomplexity involved
in the constructionof the tablesfollowing the approach
sketchedn theprevioussection.

Let ¢ bethecomputationatomplexity to computeonetable
usingthealgorithmgivenin [8, 7]. This algorithmassumes
thattheswitchingsequencés pre-assigneddencethereex-
istjustonetableCy, y associatedo the k-th switchandthis
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tablecontainsonly two regions: R;, _, , i.e.,the setof state
vectorswherewe continueusingmodei,_q, andR,;, , i.e.,
the setof statevectorswherewe switchto modei;. These
regionscanbe determinedoy solving a one-parameteop-
timization problemfor eachvectorz on the unitary semi-
sphere.

Thusthecompleity of solvingthe optimalcontrolproblem
for a pre-assignedequencef length N is f1 (V) = Ne,
becausdor eachswitchanew tablemustbe determined.

This result may be usedto solve by brute force an opti-
mal control problemof the form (2), wherethe sequencés
not pre-assignedwe have to considerall possiblewordsof
length N composedy symbolstakenfrom an alphabebf
cardinalitys: thecompleity becomesf; (N, s) = NsVe.
Usingthe algorithmgivenin the previous section for each
switchit is necessaryo computes tables.Furthermorehe
costof computingeachtableis not ¢ but (s — 1)e: in fact
eachtablecontainss regionsthatcanbedeterminedolving
s—1 one-parametasptimizationproblemsfor eachvectorz
ontheunitary semi-sphereThusthe complexity of solving
theoptimalcontrolproblem(2) for a sequencef length N
is f2(N,s) = Ns(s — 1)e. In this casethe compleity is a
guadratidunction of the numberof possibledynamics.
Let usfinally discussthe computationatomplexity of the
masterslave algorithm presentedn [3] wherea not pre-
assignedsequenceof length N was still considered. In
thatcase,if we ignorethe compleity of solving the mas-
ter problem (that is always solved much fasterthan the
slave problem)we canwrite thatits compleity is f3(N) =
afi(N) = aNcwherea is asmallnumberthatdenoteghe
numberof stepsrequiredto corverge (usuallythis number
is rathersmall,e.g.,a < 5).

¢ Fromall theseconsiderationspnemay concludethatfrom
a computationallypoint of view the masterslave algorithm
offersthe bestperformanceNote however, thatthe master
slave algorithmsolvesthe control problemonly for a given
initial statez(0), while the constructionof the tablesasin

the algorithmgivenin the previous section,oncedone,al-
lows oneto solve the problemfor ary value of the initial

state.

5 Numerical simulations

Let us considera secondorder linear systemwith s = 3.
i.e.,thesystemslynamicamayonly bechoserwithin theset
{A1, A3, Ag}. In particular we assumed; = [, 7°].
As = [}, 7100], andAs = [ g _J]. Notethat4; and
A, areunstablematriceswhile Aj is strictly Hurwitz, thus
Assumptionl is verified. We associatehe sameweighting
matrixto eachdynamics.In particulaywetake @1 = Q2 =
3 = [§ 9]. We alsoassumehatonly N = 3 switchesare
possible. Finally, we associatea null costto eachswitch,
i.e.,wetake H; ; =0foralli,j =1,---,s.
Wefirst executetheoff-line partof theproceduregonsisting
in theconstructiorof the N x s = 9 tablesC}, y;, for k,i =
1,2, 3. Resultsarereportedn Figurel wherethefollowing
color notationhasbeenused: Red color (mediumgray) is
usedto denoteregion R4, i.e., the setof stateswherethe
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Figure1: The set of tables for the numerical examplewhere N =3 and S = {1, 2, 3}.

systemeither switchesto A; if the currentvariableof the
control variableis i(t) # 1, or no switch occurif i(t) =
1; light blue (light gray) denotegegion Ry, anddark blue
(darkgray)is usedto denoteR 5.

As anexample,by looking atC} ; we know that, if thefirst
dynamicsis A;, thenthe systemmay eitherswitchto A, or
still evolve with the samedynamicsA4;: onthe contrarya
switchto dynamicsAs mayneveroccut

In Figure2 we have reportedtableCy 3 thatshavs the par

tition of the statespaceintroducedin subsectior3.3. The

samecolor notationhasbeenused. In particular this table
enablesus to concludethat the global optimum may only

bereachedvhentheinitial systemdynamicss eitherA; or

As. Onthecontrary whenevertheinitial systemdynamics
is Az, we may only reacha suboptimalalueof the perfor

mancendex.

Now, let us presentthe resultsof somenumericalsimu-
lation. Let us assumethat the initial stateis zo = [1].
We computethe optimal index sequencdor all admissi-
ble initial systemdynamics,i.e., we assume; = 1,2,3,
respectrely. The resultsof numericalsimulationsare re-
portedin Figure 3 where switchesare highlightedtrough
a small black square. More detailedresultsmay be read
in Table 1 wherewe have reportedthe optimal index se-
quencetheoptimaltiming sequencandthe corresponding
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Lo flia|ds[ia ]| n [ n | 7 [ V5 |
T 2] 1]3]0000]0.009 ] 0.060 ] 0.669
2 1|2 ]3] 0009 0.062 | 0.116 | 0.126
3 2 [ 1] 3 [ 0000 0.009 | 0.060 | 0.669

Table 1. Detailed results of the numerical example when the ini-
tial stateiszo = [1 1]7.

costvalue for the differentinitial dynamics. We may ob-
sene thatthe bestsolutionmay only be reachedvhenthe
initial systemdynamicis the secondone. In theothercases
only a suboptimalvalueof the costmay be obtained.Note
that theseresultsarein accordancevith thoseof figure 2
beingzy € R;.

The correctnessf the solutionhasbeenvalidatedthrough
anexhaustve inspectionof all admissiblendex sequences.
More preciselyfor eachadmissibléndex sequenceve have
computedthe optimizing timing sequenceand the corre-
spondingcostvalue. In sucha way we have verified that
V3 = 0.126 is indeedthe global optimum. Numericalre-
sultshave alsobeencomparedvith thoseobtainedusingthe
masterslave procedurd?2, 3], thatin theactualcaserequires
anauxiliary heuristicto getthe optimalsolution.



Figure2: TableCy 3.

6 Conclusions

We have considereda special classof switchedsystems
wherethe switchingsequencés finite andeachsubsystem
is autonomous.

We showved thatthe optimal control for this classtakesthe
form of a statefeedbackj.e., it is possibleto identify a set
of regions of the statespacesuchthat an optimal switch
shouldoccurif andonly if the presenistatebelongsto this
region. This setof regionscanbe computedvia an off-line
numericalprocedure.
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