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Abstract: Reduced-order design of decentralildgdstatic output switching controllers is
presented for uncertain discrete—time switching symmetric composite systems with state-
dependent switching rule. First, a reduced-order control design model is constructed with
the dimension equal to a subsystem’s dimension of the original system. Then, quadratically
stabilizing switching controller with a giveHl, disturbance attenuation level is designed
using linear matrix inequalities (LMI) for the design model. It is proved that when this con-
troller together with the corresponding switching rule are implemented into each subsystem
of the original system then such decentralized controller quadratically stabilizes the overall
closed—loop system witH., norm boundy. The switching is decentralized into independent
switching rules operating only on local subsystems st&tepyright® 2006 IFAC
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1. INTRODUCTION gineering systems with complex dynamics. The study
of switched linear systems provides additional insights
Multi—controller switched schemes provide an effec- to some long—standing problems, such as robust, adap-
tive and powerful mechanism to cope with highly tive, and intelligent control, gain scheduling, or multi—
complex systems and/or systems with large uncer-rate digital control. The recent results in switched sys-
tainties. There are real world systems which are not tems has benefited many real world Systems such as

stabilizable by means of any individual continuous power systems, automotive control, air traffic control,
state feedback controller. For such systems, multi-network and congestion control.

controller switching among smooth controllers pro- ) , )

vides a good conceptual framework to solve the prob- The importance of multi—-controller switched schemes
lem. As a special but very important class of switched S underlined in large scale complex systems when
systems, switched linear systems provide an attrac_mplementmg low—cost low—order local controllers.
tive framework which bridges the gap between linear |t motivates the development of new control design
systems and the highly complex and/or uncertain sys-Methods which include the solution using multi-
tems. Switched linear systems are relatively easy toController switched schemes mainly for large scale
handle as many powerful tools from linear analysis are COMPIex systems. Symmetric composite systems rep-
applicable to cope with these systems. Such systemd€S€nt an important class of these systems.

are enough accurate to represent many practical en-

1.1 Prior work

1 This work was supported in part by the Academy of Sciences of . . .
the Czech Republic under Grant A2075304 and in part by the Czech There are available many various results on switched

Ministry of Education, Youth, and Sport under Grant LA 282. systems (Leonessat al. 2000), (Liberzon 2003),
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(Sun and Ge 2005), (Cheng 2004), (Pettersson 2003)with decentralized state—dependent switching rule for
(Varaiya 1993), (Wong and Brockett 1982), but there uncertain switching discrete—time symmetric compos-
are only few results on uncertain switched systems.ite systems. The original system is reduced to a low—
(Ji and Wang 2005) and (Savkin and Evans 2002) order control design problem preserving structural
present results on norm bounded uncertainties. Oneproperties of the overall problem. Its order equals to
of important problems in uncertain switched systems a subsystem’s order of the given global system. The
is the design of switching rules which guarantee switching static output controller is designed for this

guadratic stability and performance. Such switching reduced system using the well known LMI for the

rules must be independent of uncertainties. A state-selected switching rule. It is proved that when such
dependent switching rule satisfying this requirement switching controller is implemented into each subsys-
which is called the min-projection strategy presents tem together with the local switching rule, then the
(Ji and Wang 2005) and (Pettersson 2003). (Ji andresulting decentralized switching controller quadrati-
Wang 2005) deals with robubk, control for switched  cally stabilizes the overall system with a given bound
state feedback and static output switched feedback.of disturbance attenuation.

All these references deal with a centralized switching

rule.

o . ) ) 2. PROBLEM FORMULATION
Motivation for studying symmetric composite sys-

tems arises in very different application areas. Real Notation. In this paper||[w(t)||,= +/Jg W' ()w(t)dt
world system examples can be found in parallel sys- genotes th@-norm for w: [0, ] — RP belonging to

tems such as flow splitting parallel reactors with e spacé.? [0, co], provided thatjw(t)| ,<oo.
combined precooling (Hovd and Skogestad 1994), 2

electric power systems operating in parallel (Bakule Consider an uncertain switching linear symmetric
and Lunze 1988), (Lunze 1992), industrial manipu- COMposite system consisting Kfsubsystems, where
lators with several degrees of freedom (Vukobratovic theith structural subsystem is described as follows
and Stokic 1992), flexible structures bhtler 1991),  x;(t +1) = (A +AA; (1)) (t) + Beui (t) + Bywi(t)

space crystal furnace (Ebert 1999), homogeneous in- 1 Si(t)

terconnected systems such as seismic cables (El- Vi(t) =
Sayed and Krishnaprasad 1981). More exhaustive sur- !

vey of other applications present (Hovd and Skogestad ~ Yi(t) = Cx(
1994), (Yang and Zhang 1996), and (Bakule 2005).
Low—order control design for delay—less uncertain pa-
rameter symmetric composite system state space mod
els consider (Hovd and Skogestad 1994), (Bakule and
Rodellar 1996), and (Wang and Zhang 2000).

) i=1,...,N

)
wherex;, Ui, Wi, S, Vi, andy; aren-, m-, my-, ps-, pv-
, and py-dimensional vectors of the subsystem states,
control inputs, exogenous inputs, interconnection in-
puts, controlled and measured outputs, respectively.
The continuous functiom = r(x,t) : 0" x O —
One of new open research directions is the inclusion {1,....k} is the switching rule for théth subsystem
of switching issues into the formulation and solution to be designed for ali. r(x,t) = k means that the
of the output switching controllers for a class of un- kth switching subsystem is activated for title struc-
certain switching symmetric composite systems. The tural subsystem. It is evident that there Aralentical
paper extends the results on the low—order controlswitching rules where each subsystem has assigned
design for symmetric composite systems in (Bakule one local state—dependent switching rule operating
and Rodellar 1996), (Yang and Zhang 1995), (Bakule independently from other rules. Interconnections are
2003). While (Bakule and Rodellar 1996), (Yang and described in the form

Zhang 1995), and (Bakule 2003) include models with N

rank-one uncertainties, (Bakule 2005) considers norm S = Z LijYzj 2
bounded uncertainties. It essentially simplifies the so- =1

lution. wherey;j is the p,-dimensional vector of the intercon-

nection output from the subsystepwhich is related

To the author’s best knowledge, the problem of low— .
to the state vector in the form

order switching static output controller design with
H. norm boundy including decentralized state— Yzj = CXj 3

dependent switching rule for uncertain switching sym- The interconnection matrices; have the following

nmoitnc composite systems has not been solved up O tructure

Li =0  Ljj =Lq+ALgj(t) (i#i) 4

Ar,B,By,C,Cy, Dy, andLy, are constant nominal ma-
trices. AA;(t) and ALg;j(t) are norm bounded uncer-
tainties which admit the following structure

1.2 Outline of the paper

This paper presents complexity-reduced procedure for
decentralized switching output controller design guar- AA(t) = DaFai(t)Ea 5)
anteeing the level of disturbance attenuatiéogether ALgij(t) = DLFij (t)EL
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Da,...,EL are constant matrices. Uncertainties are switching memory—less controller and a decentralized
lumped in unknown Lebesgue measurable functionsswitching rule (7) for the system (1)—(5) such that the
F satisfying the boundl§<T*)F(*) <lforallt>0.l closed-loop system (1)—(5), (7) is quadratically stable
denotes a unit matrix of appropriate dimensions. with He, disturbance attenuation boundatisfying (6)

L . S for all admissible uncertainties.
Introduce the following inequality which is related to

the system (1)—(5)
3. MAIN RESULTS

V()2 < yilw(t)]]2 (6)

T T This section presents a constructive procedure for the
therev(t) :T(Vl (tT)’ - Wy(t))" and analogousiw(t) = gesign of matrice andQy for all k € A.
Wi (t),...,wy(t))".
(W (1), W (1)) First, a low—order control design problem is con-
Denote for (1)—(5)(t) = (X] (t),...,.x ()T, u(t) = structed.
(ul (t),...,ul ()T, andr(x,t) = (r(Xg,t),...,r (X, t)). AAg(t) = DaFa(t)Ea ®)

It means that the switching in the global system is

realized aN different and independent places. whereD,, ..., E4 are constant block matrices given by

decomposing the matri% LqC; into the form

Definition 1. Consider the system (1)—(5). This sys- N
tem isquadratically stabilizable via switched output §LQCZ =Daka ©)
feedbackf there exist a switching rulé(x,t) and an ¢ iy (g) is unknown Lebesgue measurable function
associated static output feec_ipau;k: Kr(x.t)Yi with satisfyingFa(t)TFa(t) < | for allt > 0.

Ky, ke A,A={1,...,k} for all i independently on all

admissible uncertainties and such that the resultingDefine then-dimensional system using the uncertain-
closed—loop system with this feedback and) =0 ties (8) as follows

is quadratically stable. Xm(t +1) = (Amr + AAR(t))Xm 4 Bum(t) + ByWn(t)

Definition 2. Consider the system (1)—(5). This sys- Vin(t) = CXin(t) + Dutin(t)
tem isquadratically stabilizable wittH,, disturbance Ym = Cxm

attenuation via switched output feedbadkit is h h inal ) defined b h(lo)
quadratically stabilizable via switched output feed- WNere the nominal matrices are defined by the expres-

back and under zero initial conditions the relation (6) S'°"S N
holds for any non-zerav(t) and for all admissible Amr=A+(5 LG, (11)
uncertainties.

with the uncertainties given as follows

N
The goal is to find a global decentralized static out-  AAm(t) = DaFa(t)Ea+ (§ —1)DLR (HEL (12)
put feedback switching controller and a decentralized + DaFa(t)Ea = DamFam(t)Eam
switching rule quadratically stabilizing the system
(1)—(5) for any admissible uncertainties as follows ~ F()(t) in (12) are unknown Lebesgue measurable
functions satisfying standard norm bounded condi-
Ui = Krx.0)Yi e tions.

r06) = arg@\r(xi Q) I=1....N Introduce the following inequality which is related to
wherex; is the n-dimensional controller state of the the system (10)—(12) for a given> 0
subsysteni. Ky is the constant matrix of the feedback
controller acting at th&th switching mode wittk € A. IVin(V) |2 < VI[Win(t)]|2. (13)
The switching rule is selected as a quadratic form, B
whereQy is a constant matrix correspondingto #te  Consider a static output switching stabilizing memory—
switching mode to be determined for edchiThe set  |ess controller with the switching rule for the control
of these matrices is supposed independentidbtice problem (10)—(12) in the form
that the set\ of gain matrices to be determined is
identical for all subsystems, thus taking advantage of
the symmetric structure of the large scale composite S
system to reduce the control design complexity. F (Xm,t) = arg mir(x,Qicm)

Um = K n ) Vi
m T (Xm,t) Ym (14)

The matriceK for all k € A can be determined by
2.1 The Problem the procedure as follows. Suppose that the m&trix
(10) has a full rank.
Given a system (1)—(5) and a positive number
The goal is to derive a complexity-reduced procedure Theorem 3.Consider the system (10)—(12) and a pos-
for designing a static output feedback decentralizeditive constanty as given in (13). The switched static
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controller (14) quadratically stabilizes the closed—loop
system (10)—(12), (14) with., disturbance attenu-

4. CONCLUSION

ation y for all admissible uncertainties if there exist The paper contributes by a new complexity—reduced

a matrixQ > 0, matricesN, Vi for all k € A, and a
scalarm > 0 such that for some scalaes, ...,ax the
following LMI

WTI oY =
e WY 0 O
RAmw)=| e ¢ ©® 0 0]|<0 (15)
e e ¢ —| O
e o o ol
and the relation
cCQ=WwC ke A (16)

are satisfied. The blocks in (15) meah= S §_; axQ,
I = (VO1QAT; +CTNI By, ..., /O QAL +C Ny By),
Y=(,/a1QC} +CTN{ Dy, ..., /akQC] +C"N/ Dy),
= = (VO1QELy, -, VAkQEL,) , ® = diag—Q+
NDAMDAms -, —Q+ NDamDAy) » W = diag(Buy, ...
< yBw), @ = diag(—V?l, ..., —y?I).

The output feedback gain matrices are given by

1
VANVt

and the switching rule in (14) has the form

Kk 17)

Qi = (Amk+ BiKiC) T (Q — y BB}, — NDamDAm) *
(Amk+ BKC) +nEAEam— Q1+ (Cy

+DyKiC)T (Cy + DyKiC)
(18)

control design method for low—order switchir,
static output feedback controllers guaranteeing the
level of disturbance attenuation for a class of switch-
ing uncertain discrete—time symmetric composite sys-
tems. The structural properties of this class of large
scale systems are used for the construction of low—
order switching design system. The switchiig out-

put control together with the selected switching rule
designed for this switching design model is conse-
guently implemented as local identical switching con-
trollers including local switching rules into the given
original system. The procedure ensures the quadratic
stability of the global switched closed—loop system
with given bound of disturbance attenuation.
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{Q1,...,Qx} which are selected according to the
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APPENDIX is used for the set of available matrices in the switch-
ing rule for any structural subsystem. It is identical for
The Appendix presents the proof of Theorem 4. It all these subsystems.
requires to introduce selected preliminaries. Denote The matricedk

the global system description of the system (1)—(5) as—~ | = diadKrg ), e ) Torall | €
follo?/vs Y P Y A can be determined by the procedure as follows.

Definition 5. Consider the system (19)—(23). This sys-
K L AR B B tem is d-quadratically stabilizable withH,, distur-
t+1) = AA(t))x(t) + Bu(t t
X(t+1) &Ar * S))X( )+ But) + Buw(®) bance attenuation via switched output feedb#dk
v(t) :va(t) +Dwu(t) (19)  is quadratically stabilizable withi., disturbance at-
y(t) = Cx(t) tenuation via switched output feedback with a block
diagonal gain matrix and decentralized switching rule.

wherex, u, w, v, andy aren x N-, mx N-, my x N-, Each local gain has its own switching rule.

pv x N, and py x N-dimensional vectors of the sub-

system states, control inputs, exogenous inputs, CON- - orem 6.Consider the system (19)—(23) and a pos-
trolled and measured outputs, respectively. The con-

tinuous functiorr = r(x,t) : 0™N x 0+ — {1, ...k} itive constanty as given in (6). The_ _SW|tched static
. o . controller (24) d-quadratically stabilizes the closed—
is the switching rule for the global system. The nomi- . .
; . loop system (19)—(24) withd. disturbance attenua-
nal matrices are defined as follows : e o .
tion y for all admissible uncertainties if there exist a
block diagonal matriXxQ > 0, block diagonal matrices
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N,V for all | € A with n x n diagonal blocks, and a

scalarm > 0 such that for some scalaes, ...,0¢ the
following LMI
WFr oy =
o e Y 0 O
RA)=| e ¢e©® 0 0|<0 (25)
e oo —| O
e o o o nl
and the relation
cQ=V,C len (26)

are satisfied. The blocks in (25) meéh= S ; o, Q,

T = (/a1QA; +C N By, ..., /0xQAr +C NI By),
Y~ (V) +CTRIDy. ... QT +C'NiDL)
= = (y@QE,, -, VARQER ), ® = diag(—Q+
NDAD,, .. Q+r]DADA) Y = diagBy, ... ,Bw),
e:diag(—y2| =Y.

The output feedback gain matrices are given by

1
—
VNV,

and the switching rule in (24) has the form

Ki = (27)

Qi = (A +BiK )" (Q—y ?BuBy, —NDADA) *
A+ EKCHn—lE}EAfé*H(CV
+D )T (Cv +DyK| é)

(28)
Consider a reanx snmatrix T (n,s) in the form

T(n1) =1,

o —
— O
[eNe]

UCEE IENEERE I )

0O 0 ... 11
e I

s> 1

wherel denotes hera x n identical matrix. Denote

T(i) =
G=

agT(n,N—i)l
T(O)T(l)

5. alL
T(N-1).
(30)

The following theorem presents the way how to use

G IAG = diagAs, ..., As, Ac),
G'AG = diag(2As, ..., 6As...N(N — 1)As,NA,),
1.1 1
-1 -IN\NT _ Hq; - -
G (G =diag5d. o 7N(N_1)JO),

G'IG=diag2Jp,...,N(N —1)Jo, NJ,)

(1)

Proof of Theorem 4Consider the system (19)—(23)
with As = A—LqCz Ac = As+ NLgCx and two par-
ticular cases of the uncertainties (8) suchhag(t) =
BLeC, andAAG(t) = —JL4C,. It leads using (31) to
the relations

Amr+DAR(t) = As+AAG(t) +DA(L) = Ac — AA(L)

(32)
Suppose that the gain matrickg in (17) satisfy the
conditions (15)—(16) in Theorem 4 for a given ma-
trix Q > 0 and a constany. Then by Theorem 4 it
is sufficient to show that these gain matrices when
implemented into the decentralized controller (7) to-
gether with the switching rule lead to quadratic sta-
bility with H., disturbance attenuationsatisfying (6)
for the closed-loop system (1)—(5), 7). The notion of
the quadratic stability withl,, disturbance attenuation
y of the system (1)—(6) is equivalent to the notion of

feasible solution by Theorem 4.

DenoteG = diag(G, G, G, G, G), whereG defined by
(31). Now, we get by using Theorem 7 when applying
only standard operations on all terms of the inequality
(25) in Theorem 6

G'R(A)G

= diag2R(As), . (33)

N(N=1)R(As), NR(A)]

If R(Amr) < 0holds by Theorem 3, then al&jAs) < 0
andR(A¢) < 0 hold because the uncertainties in (10),
(12) include both systems with the matricksA. as
special cases. The matiB is nonsingular. Therefore,

the relationG™ R(A;)G < 0 holds.

The last item concerns the relation between the
switching rules (28) and (18). The way of reasoning
is analogous to the transformation of LMIs in (33). It

results in the relation

G'Q(A)G

= diag2Q(As), ..., (34)

N(N —1)Q(As), NQ(Ac)]

which are included iQ(Anr) as indicated in (18).
It leads toN independent switching rules where one
switching rule is assigned to one structural subsys-

the structural properties of symmetric composite sys- tems. The necessity to select scalarsin Theorem
tems to construct reduced-order systems with equiva-g reduces accordingly te identical scalars for each

lent dynamic properties (Yang and Zhang 1995).
Theorem 7.Consider the matriA in the system (20)—
(23) and any gived = diagJo, ..., Jo|, whereJ, J, are
Nnx Nn, n x n matrices, respectively. Then it holds
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structural subsystem.

Thereby, the closed loop system (1)-(5), (7) is d-
guadratically stabilized witli., disturbance attenua-
tion y satisfying (6). Q.E.D.





