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Abstract:

Silva and Krogh formulate a sampled-data hybrid automaton to deal

with time-driven events and discuss its veri cation. In this paper, we consider
a state feedback control problem of the automaton. First, we introduce two
transition systems as semantics of the automaton. Next, using these transition
systems, we derive necessary and su cient conditions for a predicate to be control-
invariant. Finally, we show that there always exists the supremal control-invariant
subpredicate for any predicate. Copyright © 2006 IFAC
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1. INTRODUCTION

A hybrid automaton is widely used as a model of
hybrid systems (Henzinger, 1996). A computer-
controlled system is an example of hybrid sys-
tems since it has both continuous and discrete
variables associated with the physical process (the
plant) and the logical dynamics (the control logic
and external environment), respectively. In the
computer-controlled systems, the measurements
and subsequent discrete control actions are usu-
ally time-driven events and there exist the jitter
variations in their occurrence times. Silva and
Krogh proposed an extension of a hybrid au-
tomaton called a sampled-data hybrid automaton
(SDHA) to model explicitly discrete transitions
that are based on time-driven sampling of the
continuous state and de ne a transition system
called a sampled-trace transition system (STTS)
as semantics to verify its dynamics (Silva and
Krogh, 2000; Silva and Krogh, 2001). The SDHA
is a pair of a clock structure and a hybrid au-
tomaton with clocked and unclocked events. Un-
clocked events are enabled when its continuous
states satisfy their guards while clocked events
are time-driven, that is, they are enabled only at
speci ed sampling times in addition to constraints
for their guards. A clock structure, which is given
by variation interval in the initial phase, a period
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of clocked times, and a sampling jitter, speci es
sequences of sampling times that can be gener-
ated in the system. The SDHA can be used as
a model of various controlled systems with time-
driven events. For example, in networked control
systems, the samplings and subsequent control ac-
tions through the network can be associated with
clocked events while the changes of external en-
vironments and internal model changes of plants
are associated with unclocked events. Silva and
Krogh (2001) propose a veri cation method for
the SDHA using approximated quotient transition
systems. But, to the best of our knowledge, a con-
trol problem of the SDHA has not been studied.

In discrete event systems, a state feedback con-
troller is often used as a logical control prob-
lem, where a control speci cation is given by
a predicate on their states(Ramadge and Won-
ham, 1987). Its control action is determined by
their current states. A discrete event system is
called control-invariant if there exists a state feed-
back controller such that all reachable states in
the closed-loop system controlled by the controller
satisfy the predicate. A necessary and su cient
condition for the system to be control-invariant
is derived(Ramadge and Wonham, 1987). The
state feedback control for the discrete event sys-
tems is extended to hybrid systems(Chen and



Hanisch, 1999) and hybrid automata with forcible
events (Ushio and Takai, 2005). Forcible events
are events that can be forced to occur by the
control so that temporal performance can be im-
proved (Brandin and Wonham, 1994). Ushio and
Takai extend transition semantics of uncontrolled
hybrid systems (Henzinger, 1996) to controlled
hybrid systems with forcible events and show nec-
essary and su cient conditions for a predicate to
be control-invariant. They also show that there
always exists the supremal control-invariant sub-
predicate for any predicate.

In this paper, we consider state feedback con-
trol of the SDHA. Since enablingness of the
clocked events depends on the clock structure, a
state feedback controller is time-varying in general
while it is time-invariant in both hybrid systems
without clocked events and discrete event systems.
On the other hands, in conventional sampled-data
control systems where controllers and sensors acti-
vate periodically, the sampling times are periodic
but data transmission time may be uctuated so
that a jitter must be taken into consideration. So,
we introduce a slight modi cation of the clock
structure to represent sequences of periodic sam-
pling times with jitter so that a periodic state
feedback controller is designed.

The rest of this paper is organized as follows:
Section 2 reviews transition systems, several pred-
icate transformations, and a concept of control-
invariance. Section 3 introduces a controlled
SDHA with forcible events, which is given by a
pair of a clock structure and a hybrid automaton
with clocked and unclocked events. Two labeled
transition systems are introduced to de ne its
semantics and necessary and su cient conditions
for existence of state feedback controllers based on
the transition systems are shown. Section 3 shows
that there always exists the supremal control-
invariant subpredicate for any predicate.

2. PRELIMINARIES

We use a labeled transition system T=(Q), Act, 7,
Qo) in order to de ne semantics of controlled hy-
brid systems, where @ is a set of states, Act is a set
of labels, 7 CQx Actx(@ is a state transition rela-
tion, Qo CQ is a set of initial states. Act(T; q)CAct
is de ned by Act(T;q)={acAct|q € Q s.t (q,a,
¢ )eT}. Let Z(Q) be the set of all predicates
on Q. A predicate P is true at state g€@
if P(q)=1, and false if P(q)=0. Denoted by
V, A, and — are disjunction, conjunction, and
negation of predicates, respectively. The term
“predicate” and “subset” (={qeQ|P(q)=1}) can
be used interchangeably. A partial order “<” for
2(Q) is de ned as follows: for P, P,eZ(Q),
P <Py&Pi(q)< Py(q) for VgeQ. For each a€ Act,
a predicate D, is de ned by

Dulg) = { if a € Act(T; q), Q)

0 otherwise.
We de ne predicate transformations wp,: 2 (Q)—
2(Q) and wlp,: Z(Q)—2(Q) as follows:
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1 if Post(q,a)#0 and

(for Yq'€Post(q a)) P(q)
0 otherwise,
wlpe (P) = wpe(P) V =Dy,
where Post(q,a)={¢'€Q|(q,a,q")€T}. For a sub-
set ACAct, we de ne wpa(P)=V ,c 4, wpa(P). For
a subset ACAct, PeZ(Q) is said to be (T'; A)-
invariant i , for Ya€ A, P<wlp,(P). Let R>0 and
R~ be the sets of non-negative and positive reals,
respectively. For a piecewise continuous function
h : N> — A, where A is an arbitrary set,
d(h) do(h)dy(h)da(h) ... is the sequence of
points where h is discontinuous. For t € R,
h(t ) and h(t*) denote the values for the limits
of h at t from the left and right, respectively.

wpa(P)(q) =1,

3. SAMPLED-DATA HYBRID AUTOMATON
AND STATE FEEDBACK CONTROL

Silva and Krogh proposed a sampled-data hy-
brid automaton (SDHA) which is modeled by
a pair of a hybrid automaton with clocked and
unclocked events and a clock structure (Silva
and Krogh, 2001). First, we modify the SDHA
to introduce a control mechanism with forcible
events which are forced to occur by exter-
nal control action. We de ne a controlled hy-
brid automaton with forcible events as follows:
H:(V>E7 ) uncons  forcs
cly unel, X, init, Flow, jump).
e I/, are sets of nodes, events, respectively;

con aNd  yncon are sets of controllable and
uncontrollable events, respectively.

fore is the set of forcible events and, for
simplicity, we assume that ¢5rcC  con;

o and  yna are sets of clocked and un-
clocked events, respectively;
ECV x XV is the set of edges with asso-
ciated events, that is, e(v,0,v’) is an edge
e € E from v to v’ labeled by event o and
corresponds to a discrete transition by the
occurrence of o;
X C R™ is the set of continuous variables;
init : V — 2% assigns the initial continuous
states, that is, init(v) is the set of all possible
initial continuous states in node v;
Flow={f,:X—R"[YveV} is the set of ows
de ning the continuous state equation &=
fu(z) for each discrete state v€V. Then let
x=Cy. 4, (t) be a trajectory which starts from
discrete state v at time t=0 and the initial
continuous state 2:(0)=x(, on which no event
occurs; and
jump : E—2%*X is the jump relation, that
is, (z,2')€jump(e) means that the continu-
ous state z jumps to ' when o occurs.
Note that con N wncon = a N uncd = 0 and

= conY uncon= U wunel- In addition, i,J de-
notes ; N ;, where i€{con,uncon, forc} and
j€{cl,uncl}. The state set Qg of hybrid automa-
ton H is given by Qu={(v,z)|"veV,Y z€X}. Let
guard(e) be an occurrence condition of the dis-
crete transition by edge e € E: guard(e)={zeX]|
Ir'eX s, (z,2")Ejump(e)}.

con s



Assumption 1 We assume: (1) If, for e(v, 0,v")eE
and x,2'€X, (x,a")€jump(e), then z'¢guard(é)

for any é(v',0’,v")eE, (2) for any e(v,o,v')EE

and 0€ fopc, guard(e) is a closed set, and (3) if

e(v,0,v")EE, then v£v'.

The enablingness of clocked events does not de-
pend on only the continuous states but also sam-
pling times. To model the sequence of the sam-
pling times, Silva and Krogh de nes the clock
structure such that durations between each sam-
pling times are speci ed by the clock period
interval and the sampling jitter interval (Silva
and Krogh, 2001). In conventional computer con-
trolled systems and networked control systems,
controllers and sensors are activated periodically
with a speci ed sampling period and computa-
tional delay in processors and/or data transmis-
sion delay in networks may cause a jitter in oc-
currence of clocked events. So, we will modify the
clock structure. Let Ty be a speci ed sampling
period and J the maximum jitter. We assume for
simplicity that J<Tjy. Denoted by , is the n-th
“nominal” sampling times for the sampling pro-
cess. Then, we have ,, = g+nTy. o is the initial
nominal sampling time. Let ={ ,,| ,= o+nTp}.
Thus, a possible sequence of the sampling times
c=cpcy ... are given by the following modi ed
clock structure:

C( ,J)={cocy ...|for Vi>0, ¢;= ;+J;, J;€[0,J]}.
Thus, the controlled SDHA H¢ is de ned by a
pair (H,C( ,J)) of the hybrid automaton with
forcible events and the modi ed clocked structure.

We introduce a state feedback controller f(q,t)
with ¢ge@Qpg and teR>( taking control of forcible
and clocked events into consideration, which
is an extension of a state feedback controller
with forcible events (Ushio and Takai, 2005).
Let  a={7 clunconCYC «} be the set of con-
trol patterns for clocked events. A state feed-
back controller f is described by 4-tuple f =
(fcl,la fcl,2; funcl,la funcl,2)7 where

o fu1 QuxRN>p— o gives a set control-
enabled clocked events;

o fuo QH><§RZO—>226W0” gives a set of
forcible clocked events which are control-
enabled and forced to occur; and

® funci1 and fyne 2 are given in similar ways
to above two de nitions, respectively.

Note that a state feedback controller f does not
only depend on state, but also time since the sam-
pling times have an e ect on the behavior of the
controlled SDHA and the control action depends
on when clocked events are enabled. In addition,
the nominal sampling times ; are periodic, the

uctuation of the actual sampling times ¢; are
in a time interval given by the jitter, the con-
tinuous ows are determined by a time-invariant
system in each node, and a control speci cation
is given by a predicate on Qg independently of
time. So, it issu cient to consider a periodic state
feedback controller f as follows: for Y¢€Qy and
Yt> o, fij(q,t)=1fi(q,t+Ty), where i€{cl,uncl}
and j€{1,2}. Denoted by Hé is the SDHA con-
trolled by the state feedback controller f.
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Henzinger (1996) introduces two transition sys-
tems, called timed and timed-abstract transition
systems, in order to represent semantics of the
hybrid automaton and Ushio and Takai (2005)
extended them to a controlled hybrid automa-
ton with a control speci cation given by a pred-

icate. Next, we extend them to Hé This is also
an extension of STTS (Silva and Krogh, 2001).
To de ne semantics of the controlled SDHA by
a transition system, the transition system must
have a state variable which indicates duration
between the current time and sampling times since
both the sampling times and the current state
in Qg determine its behavior. In the STTS, the
state is composed of the state variable qeQg
and two variables p and w which indicate time
and elapsed time from the latest sampling time,
respectively. Since we modify the clock structure,
we introduce a new variable as a state variable,
which indicates if a clocked event may occur at the
current time. Thus, we can de ne two semantics

for the controlled SDHA H, (J; given by a controlled
timed /time-abstract transition system.

A controlled timed transition system is de ned by
Se(HE, P) = (Qu Acte, 7, Qo). (2)
Q:CQux{—1,0,1}x[0,max( ¢, Tp)]x{0,1} is the
state set of the transition system. Each element
of a state (¢,p,w, )€Q: is de ned as follows:
q indicates a state of H¢. p indicates that the
current time is before the rst nominal sampling
time o (p=—1), at o (p=0), after o (p=1).
w indicates absolute time until the current time
becomes (, where the system starts at w=0.
When the current time is equal to or greater than
0, w is an elapsed time from the latest nominal
sampling time and is reset to zero at each nominal
sampling time. Note that w is zero if p is zero.
is reset to one at each nominal sampling time and
to zero if w>J or after a clocked event occurs.
Qio={(v, 7, —1,0,0)€Q¢|zE€init(v), "weV} is the
set of initial states in Q;. Act;= U R~g. To
de ne the transition relation .7/ of Sé(Hé,P),
we introduce a set of clock sequence STSc(gt,0)
as follows: for ¢; = (¢, p,w, ) € Q¢ and § € N>,

STSc(q,0) =
{totl--~tN|ti€[i_W7 i—w+J],
i:0,17‘..,tN<(5§tN+1}
if p=-—1,
{totl...t]v |ti 1E[iTg—w,iT9—w+J},
1=1,2,..., ty <I <tnt1}
itp#-1, =0,

{tot1...tn | t; € [iTy, iTp+ J], i =0,1,2,...,
tN<5§tN+1}
ifp#-1lLw=0, =1,
{totl...tN|ti 1€[iT9—w,iT9—w+J},
i=1,2,..., tn <0 <tny1}U{tot1...tn |
t; € [iTa—w, iTg—Ld-FJ], 1=1,2,...,
to € [O,wa], tN <5§t1\/+1}
ifp=1w#0, =1.




Zf C Q¢xActy xQy is de ned as follows: Consider
states ¢ = (¢, p,w, )and g; = (¢, p',w’, ') € Qu.
(A) For each 0 € , (qi,0.q)) € T
i the following conditions are satis ed:
1) w=uw, p=p, and e(v,0,v") € E.
2) (z,4/) € jumpl(e).
3) 1fp p' = —1, then
() o€ funcl 1(‘1) ) and (11) = '=0.

4) if p=p’ =0, then

o if o€ , then

(i) o € failg, o) and (ii) =1, '=0,
e otherwise

(
(
(
(

(1) S funcl,l(q, 0) and (11) = ' =1.
(5) if p=p’ =1, then
eif 0 € , then (i) w € [0,J], (i)
0 € fai1(q, otw),and (ili) =1, =0,
e otherwise
(i) 0 € fune1(¢, o +w) and (i) = '

(B) For 6 € R, (a1, 6, qf) € 7
i the following conditions are satis ed:
(1) v=v', 2'=(,4(9).
(2) For v . €1(0,9), P(’U,Cq( ))ZP(U7CQ( ))-
(3) One of the following conditions is satis ed:
o if p=p'=—1, then (i) é=w'—w, (ii) =0,
'=0, and (iii) for"e(v, &, )€E," t€[0, ),
C‘I( )Gguard( ):>&¢fiincl 2( C(I( )7w+t)'
. 1fp——1,p =0, then( ) 0= o—w, (ii) =0,
'=1, and (111) for’e(v, & U)GEVtG[O,é),
Cq (t)Eguard(e)é&¢funcl’2(v, Cq(t), wt).
e if p=—1, p'=1, then (i) 7K >0 s.t. 6=w'+
x—w, (ii) if K=0, /20, (iii) if ' €[0, J],
'=1, (iv) for Ye(v,5,9)€E, "t€|0,6),
Cq( )EgUGTd( ):>&¢fun(,l Q(Ua Cq(t),w—i—t),
and {ék}ESTSC q7,0) s.t. for Ve(v,
EE te{tr}, (4(t)eguard(e)=c¢
fcl,Q(v Cq( ) w—i_t)
e if p#£—1, p'=1, then (i) Fn€Z>¢ s.t. =
W' —w4nTy, (i) for Ye(v, 5,9)€E, "te|0,
0), Cq(t)€guard(e)=0¢ funci,2(v, Cq(t),
t+w+ o), (iil) {tr}€STSc(q:,6) s.t for
Ve(v,5,0)€E, Yte{ty}, (,(t)Eguard(e)
:>&§§fcl72(v,Cq(t),t+w+ 0), (IV) if =1,
w'el0, J]= '=1, and (v) if =0, for any
n satisfying (i), the following equations
holds. if n>1 and w’€]0, J], '=1.if n=0,
'=0.
Let SDSc ¢(g+,6,q;) be the set of sampled state
sequences on a transition relation (g, d,q}) € 7,/
de ned as follows: SDSc ¢(q:, 9, q;)={(v, (4(t0)),

(v,¢q(t1)) - (v, Gt it} oy € STSc(gr, ),
BQt,kth k:O, 17 e 7N —1s.t. (qta th qt,O)e'zfv

(qtks ter1—th, @t kt1), (g, N, O—t N, qé)eﬁtf, qr=
(v,Cq(tr))}, where grx = (qk, prs Wk, k) In the
controlled timed transition system, R~ C Act; is
the set of elapsed times from the latest occurrence
of events. So, by aggregating such events into two
events indicating that time elapses, a controlled
time-abstract transition system is de ned by
S&(HE, P) = (Qu, Acta, 7, Qao). - (3)
The sets Q, and Qq0 are the same as those of S,
that is, Q, = @Q; and Q.0 = Q. Act, = U

{corm uncon} where con and uncon ¢ are
events. 7 C Q. x Act, x Q, is de ned as follows:

those in .7’ in Stc(Hé,

Transitions related to events in  are the same as
P). Consider two states
qda = (¢, p,w, ); 4, = (¢',p',0", ') € Qa, Where
q = (v,x), ¢ = (v ") 6 Qu. Let  (qu,q,) =
{6 € §R>O | (qa,é qa) € y }
(qaa conaqa) E yf
i (ga, q,)#0 and for any de (qa, q.),
wacL,fom(P)(Qa)

vioA V

WP fore (P) ((j)

{qx}eSDSc y \ 4€{qr}
V3 wps o (P)(0,4(0) p =1, (4)
€€[0,6)
where SDSc,; = SDSc,(4a,9,4,),P(q.) = P(q).
(B) (¢a> uncon>dl) € T

i (qa, q,)#0 and there exists 6€ (qq,q,) such
that Eq. 4 does not hold.

Let open=(openci,1, 0penci,2, 0penunci,1, 0Penunci,2)
be a state feedback controller de ned as follows:

for any qeQp and any t€R>0, openc 1(q,t)= .,

OpE€Ncl,2 (qa t):(Z), OPENyncl,1 (q; t): uncls Openuncl,2<
q,t)=0. Two transition systems controlled by the

controller open are denoted as follows:

Se(P) = (Qy, Acty, Ti, Quo) = Se(HT", P),
SE(P) = (Qa, Acta, Ta, Qao) = Sg(nge",P).

Note that S§ (P) and S&(P) correspond to seman-
tics of the uncontrolled system. From the above
de nitions, the following lemma is easily shown.
Lemma 1 Let f = (fcl,lafcl,27funcl,1; funcl,Q)
be a state feedback controller for a controlled
SDHA He(H,C( , J)). Then, for two states ¢, =
(Qa Py W, )a qzl € Qa = Qta and event o € )

* (¢a> 0, ¢4) € T = (qa, 0, ) € T

® (¢a; 0, qy) € 7 and

(S funcl,l(% W) if p=—1
Uefcl,l(q, O‘i‘w) ifoe 4
0 € funet,1(¢, o+w) otherwise

= (qas 0, ¢.) € TS, where ¢ = (v,2) € Q.

Let r be a run for Hé, and r is de ned as follows:

r=(v,z,c), (5)
where v(t) € V is a trajectory for the discrete
variable, z(t) € X is a trajectory for the contin-
uous variable, and ¢ € C is the sampling times
synchronizing with Hé It is said that r is a run
for H(J; if the following conditions hold:

(1) v(0) € V, x(0) € init(v(0)).

(2) if t € d(v), then there exists ¢ €  such
that the following three conditions hold: (i)
e(v(t ),ov(tT)) € B, (ii) if o0 € 4, 0 €
fai((( ),z )),t) and t €c (iil) if 0 €

uncl; O S funcl,l( ( ) ( ))7t)

(3) if t & d(v), then (i) &(t)=fu)(x(t)), (ii) for
Ve(v,&,0)EE, if x(t)Eguard(e), U§éfuncl)2(’u<t),
x(t),t), and (iii) (if tec) for Ve(v,5,d)€EE,

2(t)eguard(e)=6¢ fu 2 (v(t),x(t)). D).

The following propositions indicate that the tran-

sition systems are the semantics of the controlled

SDAH H/.
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Proposition 1 Consider a controlled SDHA
Hé and its associated timed transition system
Sé(Hg, P). If r is a run for Hé, then there exists
a corresponding sequence of states q;=q; oq; 1 - - -
that is a state trajectory for Sé(Hé, pP).
Proposition 2 Consider a controlled SDHA
Héc, and its associated timed transition system
StC(Hé,P). If 4=q1,0qt,1qt,2--- is a state trajec-
tory for StC(Hé, P), there exists a corresponding
run rt for Hé

The above propositions are also true for the time-
abstract transition system Sg(Hé, P).

We extend a predicate P on Qg to Q: = Q,

as follows: for each state ¢ = (¢,p,w, ) € Qx,
P:Q:— {0, 1} is de ned by P(q:) = P(q).

4. CONTROL-INVARIANCE

A concept of control-invariance plays an impor-
tant role in state feedback control of discrete event
systems (Ramadge and Wonham, 1987). A pred-
icate P € £(Q,) is said to be control-invariant
if there exists a state feedback controller f such
that P is (SL(HJ,P); Act;)-invariant. Such a
controller f is called a permissive feedback con-
troller. We show necessary and su cient condi-
tions for P to be control-invariant in the controlled
SDHA. We de ne predicates for trajectories of
the continuous variables as follows: for a predi-
cate P € ‘@(Qa)7 states q, = (‘Lpawa ) € Qaa
g, = (v',(4(0),p' ', ') € Qq, and time § € R,

)1 i Pv,Gyle)) = 1,"€e € (0,6),
pees(P)(ga) = {O if P(v,¢,(€)) = 0.7 € € (0,6),

pwps,,,..s(P)(qa)

V

WPS et gore (P) (U5 Cq(€))

e€[0, 4)

vioA \/ wps .. (P)@) ¢
{qr}€SDSc \ def{ar}

twpe,s(P)(¢a) = P(¢') V pwps,,,..s(P)(qa),

where SDSc = SDSc¢ open(4a,9,q,). If a pred-
icate P is a closed set, twp can be rewritten
as follows: twpc,s(P)(qa) = pwps,,,..5(P)(qa)-
A predicate P is said to be (S5(P); wnconsR>o0,

fore)-invariant if the following conditions hold:
(1) Pis (S5(P);  uncon)-invariant, and

(2) in SL(P), for any & € R,

P < =DsVwps;,,,. (P)

V (twpc,s(P) Apees(P)) . (6)

We show necessary and su cient conditions for
the control-invariance.
Theorem 1 Consider the controlled SDHA Ho
and a predicate P € #(Q,). Then, the following
three statements are equivalent:

(i) P is control-invariant.

(ii) Pis (S5(P);  wncons R0, fore)-invariant.
(ii) Pis (S&(P) 5 wncon Y { wncon})-invariant.
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Proof:(i)=(ii). Suppose that P is control-invar-
iant. Let f be a permissive feedback controller.
Suppose that P isnot (S&(P);  wncont, R>0  fore)-
invariant. Then, we have the following cases:

o Consider the case that there exist ¢, ¢;€Qy,
and 0€ yneon such that (g, 0,q;)€T%, Plqr)
=1, and P(q;)=0. Since  yncon,ctC fer,1 and

uncon,unclgfuncl,lv we have (qt707 qzlt)efzf
by Lemma 1. Since f is a permissive feed-
back controller, we have P(q;)=0, which is a
contradiction.
Consider the case that there exist § € Ry
and ¢; = (¢, p,w, ) € @ which do not satisfy
Eq. (6). Then, P(q:) = 1, there exists ¢}
(q/apl7w/a /) € Qt such that (qt557 q{f) € ‘%7
one of the following conditions is satis ed:
(A) P(v,(4(e)) = 0 for any e€(0,0) and
wps;,,.(P)(q:)=0. Since wps,., . (P)(q:)=0,
there exist 0 <é<d and ¢o=(v, (4(€), p, @, )
€ Q¢ such that (g€, q,) eﬂtf. Then we
have P(G,)=0, which is a contradiction
since f is a permissive feedback controller.
(B) P(v,¢q(€))=1 for any €€(0,d), P(g;)=0,
and pwps,,,.s (P)(g:)=0. Then, we have

(gt, 0, qg)ezf, which is also a contradic-
tion.

From the above contradictions, P is shown to be
(SE(P);  wncons B0,  fore)-invariant.
(ii)=-(iii) For g4, q,€Q.=Q:, and 0€ yncon, the
following implication is easily shown: (¢4, 0, ¢},) €%
= (¢a,0,q,) € J,. Thus, we have P is (S&(P) ;

uncon )-invariant if P is (S5(P);  uncon)-invariant.
Suppose that P is not (S&(P); wncon)-invariant.
Then, there exist g, and ¢/, such that (g, wncon,
q,)€ T, P(q.)=1, and P(q,)=0. From the de -
nition of ,con, there exits 6 € Rsg such that
(Ga,0,q.,) € F, which is a contradiction since P
is (SL(P);  wncons ®>0,  fore)-invariant. Thus, P
is (S&(P);  wncon U { uncon})-invariant.
(iii)=(i) Suppose that P is (S&(P); wncon U

uncon | )-invariant. Then, we consider the follow-
ing state feedback controller f=(fe.1, fei.2, funci 1,
funcl,2): for each q € QHa t e %ZOa fCl,l(qvt) =

cl,unconU {0’6 cl,con | wpU(P)(Q1p7w7 1):1 in
StC(P)}a funcl71(Q7t): uncl,uncon U{O’G uncl,con |
wpe(P)(q, p,w,0)=1in S5(P)}, where p and w
satisfy (a) if t< ¢, then p=—1, and w=t. (b) if
t= o, then p=0, and w=0. (c) if t> ¢, then p=1,
and w=t— O_L(t_ O)/TQJTG- fcl,Q(Q7t): cl,forel
fcl,l' funcl,Q(Qat) = uncl, fore n funcl,1~ ThUS, it
is easy to prove that P is (Sé(Hé,P);Actt)—
invariant. |

5. SUPREMAL CONTROL-INVARIANT
SUBPREDICATE

In general, a given predicate P € £(Q,) is not
necessarily control-invariant. In this section, we
propose a procedure for computation of the supre-
mal control-invariant subpredicate. We introduce
some de nitions for the predicate P as follows:
e ZI(P) is the set of all control-invariant sub-
predicates of PEZ(Q,).



e 0€#(Q,) is the predicate such that for any
4a€Qq, 0(g,)=0. Since 0€F1(P), €1(P)#0.
o A predicate P! € €I(P) called the supremal
control-invariant subpredicate of P is de ned
as follows: for any P’ € €1(Q,), P’ < P'.
Ushio and Takai (2005) showed that there always
exists P! for the hybrid systems with forcible
event. In this section, we show the same property
also holds for the controlled SDHA.

Since P/ < P = for'o € ,wp,(P') < wpe(P),
the following lemma is easily shown.
Lemma 2 Let P and P’ € Z(Q,) be predicates
such that P < P and P’ is (S&(P'); uncon U
{ wncon })-invariant. For any ¢, € {q. = (¢, p,w, )
€ QulP'(q) 1}, if there exists ¢, € Qq
such that (¢o, wncons ¢,) € Jo in S&(P), then
(9a, wncon,ql,) € T, also holds in S&(P’)

Using Lemma 2, we prove the following theorem.
Theorem 2 Let [ be any index set. if P, € 2(Q,,)
is (SE(Py) | wncon U{ wncon}) -invariant for each
i € I, then, Pr = \/,.; P; is (S&(Pr) ;
{ wncon}) -invariant.

uncon U

By Theorem 2, there exists its supremal control-
invariant subpredicate P! for any predicate P €

Z(Qa)-

The following theorem gives an iterative scheme

for computing the supremal control-invariant sub-

predicate.

Theorem 3 For any P € #(Q,), consider the

following iterative computation: Pj1 = P; A
(P;) (V4 > 0), where Py := P.

Then the following implication holds:
3k >0s.t. Poyy = P, = P! = P,

(7)

where  : P(qa)—P(q,) is de ned as follows:
(P)(4a) =
1 if N\ wipe(P)(q.) =1 in S&(P)

G'EzunconU{Tuncon}

0 otherwise.

Proof: Assume that there exists k& such that
Pr41 = Py. For the above iterative scheme, we
have Py=Py11=P; N (Py)<wlp,(P;) for any
ac€  uncon U{ uncon} and Pj+1:Pj/\ (P])<P0:P
for any j>0. So Py is a control-invariant subpred-
icate of P i.e. P, € €I(P), which implies P,<P'.

Next, we prove that P! < P, for [ = 0,1,...,k by
induction. (1) [ = 0. Since P is a subpredicate of
P, we have P! < Py. (2) Suppose that PT < P,
holds. Then, we show by a contradiction that
P! < Py holds. If PT < Py does not holds,
then there exists ¢, € Q, such that PT(g,) = 1
and (P))(q.) = 0 since P'(q,) =1 = P(qa) =1
for any g, € Qu- If  (P;)(¢a) = 0 holds, One of
the following cases always holds: (a) In S&(FP),
there exists 0 €  yneon such that wip, (P;)(q.) =
0. Since D, in S&(PT) is equivalent to that in
S&(P;), there exists ¢/, € Qq such that (¢4, 0,q,) €
T, in S&(PT) and Py(q,) = 0, which implies that
PT(g.) = 0. This contradicts the assumption that
P is control-invariant. (b) wip,,. . (P)(gs) =0
holds in S&(P;). Then there exists ¢, € Q, such
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that (a, uncons 44) € 7o in S&(Py) and Pi(q)) =
0. By Lemma 2, we have (¢4, wncon,q,) € Z in
S&(PT). Since PT(q),) = 0, this contradicts the
assumption that P! is control-invariant.

For the above cases, we have P! < P41 and
P' < P, Therefore, we have P, = PT.

Note that P! computed by the above scheme
depends on time in general while the control
speci cation P € Z(Qp) is independent of time.

6. CONCLUSION

This paper considered state feedback control of

a sampled-data hybrid automaton as a model of

computer-controlled systems where control speci-
cations are given by predicates.

We introduced two transition systems as seman-
tics for the controlled sampled-data hybrid au-
tomata and proved necessary and su cient condi-
tions for the control-invariance, and showed that
there always exists the supremal control-invariant
subpredicate for any predicate.

In general, the procedure for computation of the
supremal control-invariant subpredicate is not de-
cidable. So it is future work to obtain an approx-
imation method for the computation.
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